
INTRO TO QUANTUM INFORMATION (ECE 494-02 & 579-02)
Rutgers, Spring 2020 Course Syllabus

QUANTUM COMPUTING SYSTEMS

Quantum phenomena provide computing and information handling paradigms that are distinctly
different and arguably much more powerful than their classical counterparts. In the past quarter
of the century, much progress has been made on the theoretical side, and experiments have been
carried out in which quantum computational operations were executed on a very small number
of quantum bits (qubits). Noisy Intermediate-Scale Quantum (NISQ) technology is expected to be
available in the near future. This term, coined by John Preskill of CalTech, refers to devices with
50-100 qubits (intermediate-scale), which is too few to have have full error-correction (noisy). Nev-
ertheless, NISQ systems may be able to perform tasks that exceed the capabilities of today’s classical
digital computers, and may be useful tools for exploring many-body quantum physics. On the theo-
retical side, significant progress has been made in understanding the fundamental limits of quantum
telecommunications systems, giving rise to the subfield of quantum information theory. Moreover,
classical information theory has been used to understand the problems in the foundations of physics.

Learning Objective:

The students will learn the fundamentals of 1) algorithms for for NISQ technology, 2) quantum
telecommunications, and 3) many-body entangled systems, as well as a selected number of
more advanced topics of their individual interests.

Instructor: Emina Soljanin (contact info on the web page)

Office hours: by appointment

Class time and place: 3:20 PM – 4:40 PM, Tuesdays in ARC 107 and Thursdays in RWH 208

Prerequisites: Calculus, linear algebra, and probability at an undergraduate level as well as famil-
iarity with complex numbers are required. Also required is knowledge of the material of an
introductory class on quantum computing, e.g., as taught by the instructor (see the class notes
on the webpage for the class content info). The course material will be accessible to undergrad-
uate and graduate students with a variety of backgrounds, e.g., electrical engineers, physicists,
mathematicians, and computer scientists.

Grading: homework 20%, 2 midterm exams 25% each, project 30%.
(Midterm exams will be in class, approximately early in March and mid to late April.)

Textbooks:

J. D. Hidary, Quantum Computing: An Applied Approach, Springer (2019).
B. Zeng, X. Chen, D-L. Zhou, X-G. Wen, Quantum Information Meets Quantum Matter: From
Quantum Entanglement to Topological Phases of Many-Body Systems, Springer (2019).
M. M. Wilde, Quantum Information Theory, Cambridge Univ. Press (2017).

Recommended reading:

L. Susskind and A. Friedman, Quantum Mechanics: The Theoretical Minimum.
J. Preskill, Lecture Notes for Physics 229: Quantum Information and Computation.
F. W. Byron and R. W. Fuller, Mathematics of Classical and Quantum Physics

Course notes: given per week in separate documents on the class Sakai web page.

https://www.ece.rutgers.edu/emina-soljanin
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Quantum Computing Systems 1
1 Rutgers, ECE 579, Spring 2020

Prof. Emina Soljanin

Lecture #1, January 23

This lesson introduces qubits and single qubit gates.

Classical Information and Bits

Bit is a unit of information that we get when we ask a yes/no question
– yes or no, true or false, on or off, 0 or 1. The assumption here is that
the question concerns something we have no prior knowledge about.
Suppose you want to find out the position of the black king (that can
be equally likely anywhere) on a chessboard. Take a look at Fig. 1.
What is the minimum number of yes/no questions you need to ask?
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Figure 1: What is the minimum
number of yes/no questions that
have to be asked to locate the king
on a chessboard?

To represent a bit in a computer, we need a physical entity which
can exist in two distinguishable physical states. For example, mag-
netized cells in hard disk drives could be oriented in two different
directions: “up” for 0 or “down” for 1. Flesh memory cells made from
floating-gate transistors act as switches that could be open for 0 or
closed for 1. (There are multi-level cell devices that can store more
than one bit per cell.)

A physical system with N = 2k distinguishable physical states can
represent k bits of information. Such a system can simply be a collec-
tion of k systems with two distinguishable states, i.e., a k-bit register.
To specify an object in a set of N, we need dlog2 Ne binary digits.

Operations on Bits and Gates

In this class, we will treat bits as mathematical objects.2 For us, bits 2 Other classes at ECE and Physics
study bits as physical systems.take values in the set {0, 1} where we can add and multiply as follows:

XOR

� 0 1
0 0 1
1 1 0

AND

· 0 1
0 0 0
1 0 1

Figure 2: Binary arithmetics in F2.

Associative and distributive laws for binary addition and multipli-
cation are identical to those for real numbers. Strings of n bits are
mathematical objects that live in the field F2n , which is a set of 2n

elements with specially defined addition and multiplication we will
formally define below.
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Quantum Information and Qubits

A qubit is a quantum information/computing counterpart to a bit. We
will treat qubits as mathematical objects as well.3 What we learn in 3 Qubits (as bits) are represented by

physical systems.this class is independent of a particular physical realization.
A qubit is represented by a unit-norm vector in a two dimensional

complex vector space. If we denote the basis vectors of this space by

|0i =
⇥ 1

0
⇤

and |1i =
⇥ 0

1
⇤

then a single qubit | i is mathematically a linear combination of |0i
and |1i basis vectors:

| i = ↵ |0i+� |1i

where ↵ and � are complex numbers such that |↵|2 + |�|
2 = 1. Observe

that the coefficients ↵ and � depend on the choice of the basis. What
would these coefficients be if the basis vectors were

|+i = (|0i+ |1i)/
p

2 and |-i = (|0i+ |1i)/
p

2

In classical computing, we refer to a bit value or a binary value. In
quantum computing, we refer to a qubit state or a quantum state4. We 4 In the simplest case, qubit states

are pure and we mathematically de-
scribe them as we described | i
here. There are also mixed states
and a general way to mathemati-
cally represent both.

say that the quantum state | i above is a superposition of the two
basis states. The superposition is instrumental in enabling quantum
computing speedup.

Hilbert Space

An inner-product space is a vector space equipped with an inner prod-
uct. An inner product in a complex vector space is a scalar-valued
function of the ordered pair of vectors  and ', such that 5 5 The conjugate of a complex num-

ber c = x+ iy is c
⇤ = x- iy.

1. h |'i = h'| i⇤

2. h↵ +�⇠|'i = ↵ h |'i+� h⇠|'i, where ↵,� 2 C.

3. h | i > 0 for any  and h | i = 0 iff v is the 0 vector.

The quantity h | i1/2 = k k is often referred to as the norm or the
length of the vector v.

Dirac’s Notation

It is important to adopt a notation which let us easily distinguish be-
tween scalars and vectors. In mathematics, we usually use lower case
letters for scalars and often capitals or bold face for vectors. The nota-
tion for vectors used in quantum computing literature (and preferred
by physicists in general) is known as the Dirac’s or bra-ket notation.
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In the bra-ket notation, a column vector is denoted by |'i and its
complex conjugate transpose 6 by h'|. The bra-ket notation is inspired by 6 |'i = ↵ |0i+� |1i

=) h'| = ↵⇤ h0|+�⇤ h1|the standard mathematical notation for the inner product

h |'i = h | · |'i ,

where · denotes ordinary matrix multiplication. Here a row vector
times a column vector gives a number. Bras and kets can be multiplied
as matrices also as7 7 the outer product

| ih'|

Here a column vector times a row vector gives a matrix.
We have used 0 and 1 as labels for the basis in C2 above:

|0i =
⇥ 1

0
⇤

and |1i =
⇥ 0

1
⇤

There are other labels in use, e.g., |+i and |-i or |#i and |"i, and even
dead and alive cats.

Math Interlude - Unitary Matrices

A unitary matrix U is a complex square matrix whose inverse is equal
to its conjugate transpose U

†, i.e.,

U
†
U = UU

† = I.

U
† is called the adjoint of U. Real unitary matrices are called orthogonal.

If only U
†
U = I, we say that U is an isometry.

Reversible Acting on a Single Qubit

In a closed quantum system, a single-qubit state | i 2 H2 can be trans-
formed to some other state in H2, say |'i, in a reversible way only by
some unitary operator U, i.e.,

|'i = U| i

where U is a 2 ⇥ 2 unitary8 matrix. Any unitary matrix specifies a 8 If U is real, we call it is orthogonal.
valid quantum gate.

If we know how U acts on the basis vectors |0i and |1i, then we also
know how it acts on any vector | i = ↵ |0i+ � |1i. To see that, recall
that matrix multiplication is a linear operation:

U | i = ↵U |0i+�U |1i .
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Some Single-Qubit Gates

• Identity: I =

"
1 0
0 1

# Mapping the basis states

|0i =
⇥ 1

0
⇤

and |1i =
⇥ 0

1
⇤

is obtained by matrix multiplication.
• Hadamard gate:

H = 1p
2

"
1 1
1 -1

# |0i H (|0i+ |1i)/
p

2

|1i H (|0i- |1i)/
p

2

• Pauli matrices:

�X =

"
0 1
1 0

# |0i X |1i

|1i X |0i

�Y =

"
0 -i

i 0

# |0i Y i |1i

|1i Y -i |0i

�Z =

"
1 0
0 -1

# |0i Z |0i

|1i Z - |1i

These matrices were introduced in the early days of quantum me-
chanics by Wolfgang Pauli, to describe the angular momentum as-
sociated with the spin of an electron. They often appear in both
physics and mathematics for various purposes.

Any 2 ⇥ 2 complex matrix A (and thus any unitary matrix) can be ex-
pressed as a linear combination of the identity I and the Pauli matrices
�X, �Y , and �Z:

A = ↵II+↵X�X +↵Y�Y +↵Z�Z

for some complex numbers ↵I, ↵X, ↵Y , and ↵Z.

Homework #1:

1. Show that the single qubit gates defined above are indeed unitary.

2. Express the Hadamard matrix H as a linear combination of of the
identity I and the Pauli matrices �X, �Y , and �Z.

3. Verify that that the single qubit gates act on the basis vectors |0i
and |1i as stated above.
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1 Rutgers, ECE 579, Spring 2020

Prof. Emina Soljanin

Lecture #2, January 28

This lecture defines the quantum measurement.

Math Interlude

Hermitian Matrices

A Hermitian matrix M (or self-adjoint matrix) is a complex square
matrix that is equal to its own conjugate transpose M

†, i.e., the element
in the i-th row and j-th column is equal to the complex conjugate of
the element in the j-th row and i-th column, for all indices i and j:

mij = m
⇤
ji

.

We call real Hermitian matrices symmetric. An anti-Hermitian (skew
Hermitian) matrix A is a complex square matrix that is equal to the
negative of its conjugate transpose -A

†

Claim:
2 Matrix M is Hermitian if and only if hx|Mxi is real for all |xi. 2 Very frequently useful!

If follows that the eigenvalues of a Hermitian operator are real. Hermi-
tian and unitary matrices are normal3. If A is normal, then its eigen- 3 Matrix A is normal iff AA

† = A
†
A

vectors corresponding to distinct eigenvalues are orthogonal. For a
Hermitian matrix M, there exists a unitary matrix U such that U†

MU

is a diagonal matrix:

U
†
MU =

2

6666664

�1

�2 0
. . .

0 �m-1

�m

3

7777775

Let |u1i , . . . , |umi be the columns of U, and multiply the above equa-
tion by U from the left. )

⇥
M |u1i . . .M |umi

⇤
=

⇥
�1 |u1i . . . �m |umi

⇤

and thus |u1i , . . . , |umi are eigenvectors of M and �1, . . . , �m are the
corresponding eigenvalues. Recall that |u1i , . . . , |umi form a basis of
H

m and thus a resolution of the identity.

|u1ihu1|+ |u2ihu2|+ · · ·+ |umihum| = Im
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Matrix Exponential

Let X be an n⇥ n complex matrix. The exponential of X, denoted by
e
X or exp(X), is the n⇥n matrix given by the power series

e
X =

1X

k=0

1
k!
X
k

where X
0 is defined to be the n⇥n identity matrix.

;Properties:

1. e
0 = I

2. exp(XT ) = (expX)T

3. exp(X⇤) = (expX)⇤

4. If Y is invertible, then e
YXY

-1
= Ye

X
Y
-1.

5. If XY = YX then e
X
e
Y = e

X+Y .

Physics Interlude – A Schrödinger Equation

The time evolution of the state of a closed quantum system | (t)i is
governed by the Schrödinger equation:

i h
d

dt
| (t)i = H · | (t)i

where  h is the reduced Plank’s constant and H is a fixed Hermitian
matrix known as the Hamiltonian of the closed system.

We assume that H does not depend on time. Then the formal solu-
tion of this equation is

| (t)i = U(t) | (0)i (1)

where U(t) = exp
�
-i

Ht
 h

�
.

The Hamiltonian describes the physical model. The Schrödinger
equation tells us how a state-vector evolves in time given the physical
model described by the Hamiltonian.4 The ground state is defined to 4 How do the sates that happen to be

the eigenvectors of the Hamiltonian
evolve in time?

be the eigenvector of H with the lowest eigenvalue.
One of the NISQ quantum/classical hybrid algorithms we will study

is the Variational-Quantum-Eigensolver (VQE) that can be used to find
eigenvalues of a (large) matrix H.
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Quantum Measurements

To every physical observable, there corresponds an operator defined
by a Hermitian matrix. The only possible results of measuring an ob-
servable are the eigenvalues of its corresponding Hermitian matrix.
The only possible states after measuring an observable are the eigen-
vectors of its Hermitian matrix.

| i

�i

|uii
wp |h |uii|2

|u1i, . . . , |umi

Figure 1: Quantum Measurement:
When we “see” �i (which happens
wp |h |uii|2), we know that state | i
has collapsed to |uii.

Let |u1i , . . . , |umi be the eigenvectors of the Hermitian matrix corre-
sponding to the observable. We also refer to |u1i , . . . , |umi as the mea-
surement basis. Then, after the measurement is performed on state | i,
it gets projected (collapses) to state |uii with probability (wp) |h |uii|2,
1 6 i 6 m.

Example: What can we get if we measure qubit 1p
2

�
|0i + |1i

�
in the

computational basis5
|0i, |1i? 5 The computational basis is the one

in which the qubit is represented.
Remark: The number of outcomes of a tuantum measurement is finite.
How many bits of information does a measurement provide?

matrix action eigenvalue/eigenvector

�X =

"
0 1
1 0

# |0i X |1i

|1i X |0i

+1/(|0i+ |1i)

-1/(|0i- |1i)

�Y =

"
0 -i

i 0

# |0i Y i |1i

|1i Y -i |0i

+1/(|0i+ i|1i)

-1/(|0i- i|1i)

�Z =

"
1 0
0 -1

# |0i Z |0i

|1i Z - |1i

+1/|0i

-1/|1i

Figure 2: Pauli Matrices are both
unitary and Hermitian, and thus
can serve to define both quantum
gates and quantum measurements.
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How Much Classical Information is in a Qubit?

To describe a qubit, say | i = ↵ |0i+ � |1i, in a given basis, one needs
to specify two complex numbers ↵ and �. That may require a very
large number of bits (depending on the chosen precision), in general,
infinite.

vs.

Figure 3: If in a 20-faced die, we can
only discern if the number has one
or two digits, then rolling the die is
equivalent to tossing a slightly bi-
ased coin.

Suppose you have acquired a qubit. Do you posses an infinite
amount of information? You would if you could read out the val-
ues of ↵ and/or �. Is there a quantum measurement that would allow
you to do that? The answer is no. Can quantum computers be more
powerful than classical computers?

Homework #2:

1. Show that if matrix H is hermitian, then iH is skew Hermitian.

2. Show that if X is Hermitian then e
X is also Hermitian, and if X is

skew-Hermitian then e
X is unitary.

3. Show that U(t) in equation (1) is unitary.



Quantum Computing Systems 1
1 Rutgers, ECE 579, Spring 2020

Prof. Emina Soljanin

Lecture #3, January 30

This lecture is concerned with multiple qubits and reversible actions on
single and multiple qubits.

Math Interlude

Let A be an m⇥n matrix2 and B a p⇥ q matrix. The Kronecker prod-

2 A =

2

66664

a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn

3

77775
.

uct A⌦B is the mp⇥nq matrix given by

A⌦B =

2

66664

a11B a12B · · · a1nB

a21B a22B · · · a2nB
...

...
. . .

...
am1B am2B · · · amnB

3

77775
.

Some properties of the Kronecker product:

• Let A and C be n⇥n matrices and B and D m⇥m matrices. Then

(A⌦B) · (C⌦D) = AC⌦BD.

• Conjugate transposition is distributive over the Kronecker product:

(A⌦B)† = A† ⌦B†
Compare the expressions for the
transpose and inverse of the Kro-
necker product of matrices with
their counterparts for the regular
product of matrices?• A⌦B has the inverse iff both A and B are invertible, and then

(A⌦B)-1 = A-1 ⌦B-1

Multiple Qubits

As in classical computing, we mostly operate jointly on multiple qubits
rather than deal with a single qubit on an individual basis.3 If we 3 How are n qubits mathematically

represented?have two Qbits, one in the state | 1i = ↵1|0i + �1|1i and the other
| 2i = ↵2|0i+�2|1i, then the state of the pair is the Kronecker product
of the individual states:

| 1i ⌦ | 2i =
�
↵1|0i+�1|1i

�
⌦
�
↵2|0i+�2|1i

�

= ↵1↵2 |0i ⌦ |0i+↵1�2 |0i ⌦ |1i+�1↵2 |1i ⌦ |0i+�1�2 |1i ⌦ |1i

where
|0i ⌦ |0i |0i ⌦ |1i |1i ⌦ |0i |1i ⌦ |1i2

6664

1
0
0
0

3

7775

2

6664

0
1
0
0

3

7775

2

6664

0
0
1
0

3

7775

2

6664

0
0
0
1

3

7775
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In general4, a 2-qubit state is any superposition of these 4 basis states, 4 separable and entangled stats
and thus cannot always be expressed as a product of single qubit
states. 2-qubit states that can be written as a Kronecker product of
two single-qubit states are called separable and those than cannot are
called entangled5 states. 5 Entangled states are responsible

for much of “quantum magic”.The individual qubits that make up an entangled state cannot al-
ways be characterized as having individual states of their own. To see
this, consider the following two-qubit state

| i = 1p
2
�
|0i ⌦ |0i+ |1i ⌦ |1i

�
.

This state is known as the Bell state or the EPR pair. 6 6 EPR stands for Einstein, Podolsky
and Rosen, who were the first to
point out the “strange” properties of
this state.

A system of n qubits is a vector in H2n :

2n-1X

i=0

↵i|i0i ⌦ |i1i ⌦ · · ·⌦ |in-1i,

where

• H2n = H2 ⌦H2 ⌦ · · ·⌦H2| {z }
n

.

• ↵i 2 C,
P2n-1

i=0 |↵i|
2 = 1

• i0i1 . . . in-1 is the binary representation of i

Several shorthand notations are used for the i-th basis vector of H2n :

|i0i ⌦ |i1i ⌦ · · ·⌦ |in-1i ⇠ |i0i|i1i . . . |in-1i
⇠ |i0, i1, . . . , in-1i
⇠ |i0i1 . . . in-1i

If an n-qubit state can be expressed as a Kronceker product of n single-
qubit states, we say that it is separable. Otherwise, we say that it is
entangled.

There is a notion of Qudit, as a basic quantum state corresponding
to a d-level physical systems. A single Qudit state is a vector in the d-
dimensional Hilbert space Hd, and an n-Qudit state is a vector in Hdn .
Generalization from qubit to Qudit systems is mathematically straight-
forward. Infinite dimensional systems will be left for later studies.

By restricting attention to collections of
2-state systems (or even d-state systems
for finite d) one can avoid much suffer-
ing. Of course one also loses much wis-
dom, but hardly any of it – at least at
this stage of the art – is relevant to the
basic theory of quantum computation.

David Mermin
Quantum Computer Science: An Intro-
duction. Cambridge Univ. Press.

In general, if quantum (multi-qubit) system A is in the state | iA in
the Hilbert space HA and if quantum (multi-qubit) system B is in the
state |�iB in the Hilbert space HB, then the composite system’s state
is the product | iA ⌦ |�iB in the Hilbert space HA ⌦HB.
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Reversible Acting on n Qubits

In a closed quantum system, an n-qubit state | i 2 H2n can be trans-
formed to some other state in H2n , say |�i, in a reversible way only by
some unitary operator U, i.e.,

|�i = U| i

where U is a 2n⇥ 2n unitary matrix. As in the single-qubit case, a uni-
tary action on any n-qubit state is completely described by its actions
on the basis states of H2n .

The following 2-qubit gate is known as the controlled NOT (CNOT) or
quantum XOR:

CNOT : |x,yi ! |x, x� yi

x,y 2 {0, 1}

|xi • |xi
|yi |x� yi

A 2n ⇥ 2n unitary matrix U can be a Kronecker product of matrices
of smaller dimensions (or not). When U = U0 ⌦U1 ⌦ · · ·⌦Un-1, then
its action on the basis vector of H2n : |i0i ⌦ |i1i ⌦ · · ·⌦ |in-1i 2 H2n is
given by

U |i0i1 . . . in-1i = U0|i0i ⌦ U1|i1i ⌦ · · ·⌦ Un-1|in-1i

Math Interlude

Rank-1 Projections and Resolutions of the Identity

Recall that |'ih'| is a matrix. Vector |'ih'| · | i is the orthogonal7 7 To check for orthogonality, con-
sider h'|

�
| i- |'ih'| · | i

�
.projection of vector | i on vector |'i. We say that | ih | is a rank-

1 projection matrix. (Higher rank projection matrices project vectors
onto subspaces.)

A set of vectors |u1i , . . . , |umi form a resolution of the identity iff

1. hui|uji = �ij

2. |u1ihu1|+ |u2ihu2|+ · · ·+ |umihum| = Im

Let |u1i , . . . , |umi be the columns of the unitary matrix U. Then U†U =

UU† = Im implies that |u1i , . . . , |umi form a resolution of the identity.
For example,

|0ih0|+ |1ih1| =
"

1 0
0 0

#

+

"
0 0
0 1

#

= I

The No-Cloning Theorem

There is no reversible quantum operator that takes any state | i to
| i ⌦ | i.
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Proof. Suppose there is a unitary Uc such that

Uc(| i ⌦ |!i) = | i ⌦ | i
Uc(|'i ⌦ |!i) = |'i ⌦ |'i

where ! is some fixed quantum state. Note the following identities:

1. By the properties of the Kronecker product, we have
�
h |⌦ h!|

�
·
�
|'i ⌦ |!i

�
= h |'i

2. Since Uc is unitary, that is U†
c ·U = I, then by the properties of the

Kronecker product, we have

h |'i =
�
h |⌦ h!|

�
·
�
|'i ⌦ |!i

�

=
�
h |⌦ h!|

�
U†

c ·U
�
|'i ⌦ |!i

�

=
�
h |⌦ h |

�
·
�
|'i ⌦ |'i

�

= h |'i ⌦ h |'i
= h |'i2

Therefore h |'i is either equal to 0 or to 1. Thus if Uc can clone some
state | i, then the only other state Uc can clone has to be orthogonal
to | i.

Homework #3:

1. Show that if U and V are unitary matrices, then U ⌦ V is also a
unitary matrix.

2. Show that the CNOT gate |x,yi ! |x, x� yi for x,y 2 {0, 1} can be
achieved by the following unitary matrix:

UCNOT =

2

6666664

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

3

7777775

3. Construct a quantum operator that performs the following map:

↵|0i+�|1i| {z }
2H2

! ↵|000i+�|111i| {z }
2H23

You are allowed to use additional fixed-state quantum systems. The
operator can be a circuit consisting of gates you have seen in class.
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Prof. Emina Soljanin

Lecture #4, February 4

This lecture 1) explains how 2-Qubit entanglement can be created by
elementary gates, and 2) describes two communication protocols, dense
coding and teleportation, which exploit entanglement.

Hadamard and CNOT Gates – Review

Hadamard gate is a single qubit gate:

H = 1p
2

"
1 1
1 -1

# |0i H (|0i+ |1i)/
p

2

|1i H (|0i- |1i)/
p

2

CNOT gate is a two qubit gate:

CNOT : |x,yi ! |x, x� yi

x,y 2 {0, 1}

|xi • |xi
|yi |x� yi

Bell States

Recall that 2-Qubit states that can be written as a Kronecker product
of 2 single-Qubit states are called separable and those that cannot are
called entangled

2 states. 2 Entangled states are responsible
for much of “quantum magic”.An entangled pair of states can be created by applying a unitary

transform to separable states, e.g., as shown in Fig. 1.

|0i H •
1p
2

�
|00i+ |11i

�

|0i

|0i H •
1p
2

�
|01i+ |10i

�

|1i

|1i H •
1p
2

�
|00i- |11i

�

|0i

|1i H •
1p
2

�
|01i- |10i

�

|1i

Figure 1: Creating Bell states by a
2-Qubit entanglement gate.

The 4 entangled states in Fig. 1 are known as Bell3 states. Notice 3 We will learn more about John Bell
and his inequalities later.that they are orthogonal, which should not be a surprise since they are

created by a unitary transform from the 4 computational basis states.
Therefore, Bell states can be used to define a measurement, which is
often referred to as the Bell measurement.
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Entangled states have some “surprising” properties. To see that, we
consider the EPR pair:4 4 EPR stands for Einstein, Podolsky

and Rosen, who were the first to
point out the “strange” properties of
this state.

1p
2
�
|00i+ |11i

�

and observe the following:

1. The individual Qubits that make up an entangled state cannot al-
ways be characterized as having individual states of their own. Con-
sider, for example, the first Qubit, and observe that it cannot be
represented in the form ↵ |0i+� |1i.

2. There seems to be spooky action at a distance:
5 What happens if 5 Einstein’s phrase; he was not com-

fortable with the notion of non-
deterministic measurements and
entanglement.

we measure only the first Qubit in the computational basis? Two
outcomes are possible: |0i with probability 1/2, giving the post-
measurement 2-Qubit state |00i, and |1i with probability 1/2, giving
the post-measurement 2-Qubit state |11i. What happens if we sub-
sequently measure the other Qubit? Only one outcome is possible:
the one that gives the same result as the measurement of the first
Qubit. This behavior has been confirmed by experiment.

Dense Coding

If Alice sends a Qubit, say | i = ↵ |0i+ � |1i, to Bob, how many bits
does he get? Recall that Bob cannot read the values of complex num-
bers ↵ and/or �. He can only possibly apply some unitary transfor-
mation to | i and then perform a measurement, which would give
him at most one bit.

The most Alice can communicate to
Bob by sending him a single Qubit
is a single bit of information, unless
they share an EPR pair.Suppose Alice and Bob had prepared together and entangled pair

of Qubits in the state

| i = 1p
2
�
|0A0Bi+ |1A1Bi

�

and then Alice took Qubit A and Bob took Qubit B. How does the state
| i evolve if only Alice applies a unitary transformation to her Qubit?
Consider the following 4 local unitary actions on the first Qubit:

(I⌦ I) | i = 1p
2
�
|0A0Bi+ |1A1Bi

�

(�X ⌦ I) | i = 1p
2
�
|1A0Bi+ |0A1Bi

�

(�Z ⌦ I) | i = 1p
2
�
|0A0Bi- |1A1Bi

�

(�Z�X ⌦ I) | i = 1p
2
�
- |1A0Bi+ |0A1Bi

�

Note that Alice is able to create 4 orthogonal states.6 If after per- 6 Would Alice be able to create 4 or-
thogonal global states by local ac-
tions if the qubits were not entan-
gled?
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forming her local action, Alice sends her Qubit to Bob, he can unam-
biguously identify which of the 4 orthogonal Bell states the EPR pair
assumed as a result of Alice’s action. He can therefore get two bits
of information. Alice and Bob have to have agreed on how to label
Alice’s actions, e.g.,

00 : (I⌦ I)

01 : (�X ⌦ I)

10 : (�Z ⌦ I)

11 : (�Z�X ⌦ I)

For example, if Alice wants to send two classical bits 10 to Bob, she
will apply �Z to her Qubit before sending it to Bob. That would create
the global state in Bob’s possession 1p

2

�
|0A0Bi - |1A1Bi

�
, which he

will learn after performing the Bell measurement.

Teleportation

Suppose Alice and Bob had prepared together an entangled pair of
Qubits in the state

| i = 1p
2
�
|0A0Bi+ |1A1Bi

�

and then Alice took Qubit A and Bob took Qubit B. Now, Alice has
another Qubit in the state7 7 We will use a (new) and A (entan-

gled with Bob) subscripts to distin-
guish the two Qubits on Alice’s side.| i = ↵ |0ia +� |1ia

which she would like to send to Bob. However, there is only a classical
communications channel between her and Bob. Can Alice send her
Qubit to Bob by sending only classical bits of information? How many
classical bits does she need to send?

To answer that question, consider the joint state of Alice’s new Qubit
and the entangled pair:

| i | i =
�
↵ |0ia +� |1ia

� 1p
2
�
|0Ai |0Bi+ |1Ai |1Bi

�

= ↵ |0ia
1p
2
�
|0A0Bi+ |1A1Bi

�
+� |1ia

1p
2
�
|0A0Bi+ |1A1Bi

�

The following protocol , known as teleportation, results in Bob’s Qubit
(member of the entangled pair) assuming the state | i:8 8 Is teleportation cloning?

1. Alice first applies a CNOT gate to her two Qubits

|xia |xAi ! |xai |xa � xAi

and the 3-Qubit state becomes

|�i = ↵ |0ia
1p
2
�
|0A0Bi+ |1A1Bi

�
+� |1ia

1p
2
�
|1A0Bi+ |0A1Bi

�
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2. Alice then applies a Hadamard transformation H to her Qubit a,
and the joint state becomes

(H⌦ I⌦ I) |�i = ↵
1p
2
(|0ia + |1ia)

1p
2
�
|0A0Bi+ |1A1Bi

�

+�
1p
2
(|0ia - |1ia)

1p
2
�
|1A0Bi+ |0A1Bi

�

=
1
2
|00iaA

�
↵ |0iB +� |1iB

�
+

1
2
|01iaA

�
↵ |1iB +� |0iB

�

+
1
2
|10iaA

�
↵ |0iB -� |1iB

�
+

1
2
|11iaA

�
↵ |1iB -� |0iB

�

Observe the following:

(a) The 4 states in the above sum are orthogonal.

(b) For each of the 4 basis states on Alice’s side, we have a corre-
sponding state on Bob’s side that can be obtained from | i by a
unitary action:

↵ |0iB +� |1iB = I | i
↵ |1iB +� |0iB = �X | i
↵ |0iB -� |1iB = �Z | i
↵ |1iB -� |0iB = �Z�X | i

3. Alice performs a joint measurement of her two Qubits in the com-
putational basis. Her pair of Qubits will collapse to one of the basis
states and Bob’s Qubit will assume9 its corresponding state. Af- 9 by the entanglement magic
ter the measurement, Alice knows which state she is left with and
thus which state Bob’s Qubit is in. Bob can turn that state to | i by
applying the appropriate unitary operator. Whether that operator
should be I, or �X or �Z or �Z�X can be communicated to him by
Alice with 2 bits of classical information. They have to have agreed
on how to label the 4 operators.

Observe that there is only one copy10 of state | i at the end of the 10 Teleportation is not cloning.
protocol, the one that Bob has. Alice’s 2-Qubit state collapsed to a
basis state after her measurement.
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This lecture introduces the density matrix formalism and the Bloch sphere
for pure states.

The Density Matrix Formalism

To describe quantum states, so far we used vectors in Hilbert spaces.
Can we instead describe a quantum state, say | i, by the matrix | ih |?
We will use the notation ⇢ = | ih | and refer to ⇢ as the density

matrix of state | i.2 2 All we said so far can be reformu-
lated in terms of the density matrix
formalism.

Any description of a state should allow us to describe 1) how a state
evolves when a unitary transformation is applied to it and 2) what
happens to a state and with what probability when a measurement is
performed on it.

1. Suppose that unitary operator U acts on state | i giving the state
|'i = U | i. We have |'ih'| = U| ih |U†. Therefore,

| i U�! U | i () ⇢ 
U�! U⇢ U

†

2. Suppose a measurement defined by the basis |u1i , . . . , |umi is per-
formed on the state | i. We know that the resulting state will be
|uii with probability (wp) |h |uii|2, 1 6 i 6 m. In terms of density
matrices, we have

⇢ ! |uiihui| = ⇢ui wp tr
�
⇢ui⇢ 

�
,

where probability expression was obtained by observing that

|h |uii|2 = h |uiihui| i = tr
�
|uiihui| · | ih |

�
= tr

�
|uiihui|⇢ 

�
.
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Bloch Sphere

Pauli matrices form a basis for C2⇥2

I =

"
1 0
0 1

#

�X =

"
0 1
1 0

#

�Y =

"
0 -i

i 0

#

�Z =

"
1 0
0 -1

#

Any 2 ⇥ 2 complex matrix, and thus any density matrix ⇢, can be ex-
pressed as a linear combination of the identity I and the Pauli matrices
�X, �Y , and �Z:

⇢ = ↵II+↵X�X +↵Y�Y +↵Z�Z

for some complex numbers ↵I, ↵X, ↵Y , and ↵Z.
Observe that 1) density matrices for pure states are projection matri-

ces with trace one and 2) �X, �Y , and �Z have trace equal to 0. Because
of that, numbers ↵I, ↵X, ↵Y , and ↵Z have to satisfy certain constraints.
I can be shown that3 3 see the notes of the Fall class.

⇢ =
1
2
(I+�X�X +�Y�Y +�Z�Z)

where �X, �Y , and �Z are real numbers such that �2
X + �2

Y + �2
Z = 1.

We call ~� = (�X,�Y ,�Z) the Bloch vector of ⇢. Since |~�|2 = 1, the set
of all vectors that satisfy this condition is a sphere in R3, known as the
Bloch sphere.

| i

x

y

z

�

✓

Figure 1: Bloch Sphere. The surface
of the sphere represents all the pure
states of a two-dimensional quan-
tum system, whereas the interior
corresponds to all the mixed states.

Note that
�X = �Y = 0 and �Z = 1 gives ⇢ = |0ih0|
�X = �Y = 0 and �Z = -1 gives ⇢ = |1ih1|

Sometimes |"zi and |#zi (spin up and down) are used to denote |0i and
|1i respectively.

Any two diametrically opposite (antipodal) points correspond to a pair
of mutually orthogonal pure state vectors. Why?

Homework #4:

1. Find the Bloch vector for states |+ih+| and |-ih-|.
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This lecture introduces the the notion of quantum mixed states and a
more general form of quantum measurement.

Math Interlude - Projection Operators

Recall that |'ih'| is a matrix. Vector |'ih'| · | i is the orthogonal2 2 To check for orthogonality, con-
sider h'|

�
| i- |'ih'| · | i

�
.projection of vector | i on vector |'i. We say that | ih | is a rank-1

projection matrix.
Higher rank projection matrices project vectors onto subspaces. A

square matrix ⇧ is a projection matrix iff ⇧2 = ⇧. Note that a projection
is a linear transformation from a vector space to itself.

Example: The following 3 matrices

|00ih00|, |11ih11|, |01ih01|+ |10ih10|

are projectors in H4. What are their ranks?

The von Neumann’s Measurement

A simple generalization of the quantum measurement we previously
defined is known as the von Neumann’s measurement.3. Mathemati- 3 AKA the projective measurement
cally, this type of measurement is defined by a set of m⇥m matrices
{⇧i}

`
i=1 such that

1. {⇧i} are pairwise orthogonal projection operators

2. {⇧i} form a complete resolution of the identity, that is,

⇧1 +⇧2 + · · ·+⇧` = Im.

3. The m dimensional measured state | i gets projected (collapses) to

state
⇧i | i

k⇧i | i k
with probability h |⇧i | i = tr

�
⇧i| ih |

�
.

Note that the resulting state is a pure state.

Observe that the only difference between this and our previous defi-
nition is that here we do not require that ⇧i be rank-1 projections. This
generalization comes about when we remove the requirement that all
eigenvalues of the Hermitian matrix corresponding to the measured
observable be distinct.
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Math Interlude – The Trace of a Matrix

Let A be an n⇥ n complex matrix. The trace of A is defined to be the
sum of the elements on the diagonal of A:

tr(A) =
nX

i=1

aii = a11 + a22 + · · ·+ ann

Some properties of the trace:

1. The trace is invariant under cyclic permutations:4 4 In general, the trace is not permu-
tation invariant.

tr(ABCD) = tr(BCDA) = tr(CDAB) = tr(DABC).

We will often use this property of the trace.

2. The trace of the Kronecker product of two square matrices is the
product of their traces:

tr(X⌦ Y) = tr(X) tr(Y).

3. The trace is a linear operator:

tr(↵X+�Y) = ↵ tr(X) +� tr(Y).

Here X and Y are square matrices and ↵ and � are scalars.

4. The trace is similarity-invariant. This property follows from the
property 1. above:

tr
�
P-1AP

�
= tr

�
P-1(AP)

�
= tr

�
(AP)P-1� = tr

�
A
�
PP-1�� = tr(A).

Therefore, the trace is invariant to the change of basis, and thus

tr(A) =
nX

i=1

�i. where �i are the eigenvalues of A.

5. Trace in Dirac’s notation:5 Let |eii, i = 1, . . . ,n be an orthonormal 5 This property is useful for under-
standing the definition of the partial
trace, which we will give later.

basis of Cn. Then aii = hei|A |eii, and therefore,

trA =
nX

i=1

hei|A |eii

Mixed States

The density matrix formalism allows us to compactly describe a quan-
tum system about which we only know that it is in the state | ji with
probability pj as follows:

⇢ =
X

j

pj| jih j|
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We refer to such quantum systems as mixed states.
The states we worked with so far that can be described by a vector,

say | i, or, equivalently, the corresponding rank-1 density matrix ⇢ =

| ih | are known as pure states.6 In general, a density matrix ⇢ is a 6 Note that ⇢2 = ⇢ for pure states.
We will use this property when we
discuss the Bloch sphere.

Hermitian, positive semi-definite, trace one matrix. It follows that ⇢
can be diagonalized by a unitary matrix, and has eigenvalues that are
all real, nonnegative, and sum to one.

Unitary Evolution of Mixed States

What happens to a mixed state when a unitary transform U is applied
to it? If the system described by the mixed state is actually in pure
state

�� j

↵
with the density matrix ⇢j = | jih j|, then it will evolve to

the state U⇢jU
†. But we only know that the system is in the state ⇢j

with probability pj. Therefore, the mixed state will evolve to the state
U⇢jU

† with probability pj, that is, another mixed state, whose density
matrix is given by

X

j

pjU| jih j|U
† = U

⇣X

j

pj| jih j|

⌘
U†

Therefore, ⇢ U�! U⇢U† .

Measuring Mixed States

When we perform the von Neumann measurement defined by matri-
ces {⇧i}

`
i=1 on a mixed state whose density matrix is

⇢ =
X

j

pj| jih j|,

we get outcome i with probability tr
�
⇧i⇢

�
. The resulting state corre-

sponding to outcome i is a mixed state with density matrix

⇧i⇢⇧i

tr
�
⇧i⇢

�

Which state would we have if we7 lost the measurement record? We 7 Here “we” is used on purpose to
stress that, mathematically, the state
of the system is described based on
our ignorance.

saw that we get state ⇧i⇢⇧i

tr
�
⇧i⇢

� wp tr
�
⇧i⇢

�
. We would therefore have

X̀

i=1

tr
�
⇧i⇢

�
· ⇧i⇢⇧i

tr
�
⇧i⇢

� =
X̀

i=1

⇧i⇢⇧i

Is this a valid density matrix?
These formulas are derived from the corresponding formulas for

pure states, which come from the postulate on observables in quantum
mechanics. Elementary probability (e.g., the total probability expres-
sion) is used for derivations.8 8 See the Intro class notes for more

detail.
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Ensembles of States

We call the set of pure states together with the associated probabilities
an ensemble of states. Observe that two different ensembles can have
identical density matrices, and therefore quantum mechanically repre-
sent identical states. Figure 1 shows two different ensembles with the
density matrix equal to I.

Mixed State #1:

p0 = p1 = 1
2

=)

⇢ = 1
2 |0ih0|+

1
2 |1ih1| =

1
2 I

|0i =

1
0

�

|1i =

0
1

�

Mixed State #2:

p1 = p2 = p3 = 1
3

=)

⇢ = 1
3 | 1ih 1|+

1
3 | 2ih 2|+

1
3 | 3ih 3| =

1
2 I

| 1i =

1
0

�

| 2i =

-1/2
-
p
3/2

�
| 3i =


-1/2p
3/2

�

Figure 1: Two “different” mixtures
of pure states with identical density
matrices.

Homework #5

1. Suppose you know that a quantum system is in the mixed state
whose density matrix is

⇢ =
1
2
|0ih0|+ 1

2
|1ih1|

Does that mean that the system is in state |0i with probability 1/2
and in state |1i with probability 1/2?

2. Let ⇢ 2 H
2 be a density matrix and {⇧i}

`
i=1 a set of projection

matrices defining an observable in H
2. Show that

P`
i=1⇧i⇢⇧i is a

valid density matrix.
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This lecture discusses entanglement (quantum vs. classical correlations),

hidden variables theories, quantum non-locality, and Bell’s inequalities.

Alice and Bob Share an EPR Pair

Consider a bipartite system consisting of two entangled qubits whose

joint state is | i | i+
|'i = 1p

2
�
|0iA ⌦ |0iB + |1iA ⌦ |1iB

�

Qubit A (Pixie) is given to Alice and qubit B (Dixie) to Bob. Note

that |'i is a Bell state (aka EPR pair) we discussed before. EPR stands

for Einstein, Podolsky and Rosen, who were the first to point out the

“strange” properties of this state in 1935. Recall that each individual

qubit is in the mixed state (|0ih0| + |1ih1|)/2. We have shown earlier

that if Alice measures her qubit in the computational basis, she will

get either state |0i or |1i, each with probability 1/2. But if Bob then

measures his qubit in the computational basis, he will get a state that

is identical to Alice’s. Einstain referred to this phenomenon as “spooky

action at the distance” or quantum non-locality.

Einstein was not comfortable with the notion of non-deterministic

measurements and entanglement. He believed that there exist some

“hidden variables” that determine measurement outcomes, and in gen-

eral govern the reality. He did not question the predictions of quantum

mechanics, but declared it incomplete since it does not take into account

existence of hidden variables that could explain the spooky actions at

the distance.

Until John Bell’s work in 1964, no circumstances were known where

predictions provided by any theory with hidden variables disagreed

with those provided by quantum mechanics. John Bell came up with

scenarios where these predictions were not identical, and thus which

one is true could be determined by experiments. In the past half a

century, many such experiments were conducted, but it was only in

2015 that experiments showed non existence of hidden variables in a

most complete manner possible.

We will next go over a common example (involving the state |'i
above) that shows a disagreement between the predictions provided by

quantum mechanics and those provided by a hidden variable theory.
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Two Measurement Scenarios

1. Suppose Alice measures her qubit in an orthonormal basis
�
|b0i,

|b1i
 

obtained by rotating the computational basis around the ori-

gin. Then |b0i = ↵ |0i+� |1i where ↵ and � are real numbers.

If Alice gets |b0i as her measurement result, then Alice’s postmea-

surement state is her original state multiplied by |b0ihb0| (and prop-

erly normalized), while the action on Bob state is described by the

identity operator I. What happens to state |'i? To see that |'i
collapses to |b0i ⌦ |b0i, consider the following:

(|b0ihb0|⌦ I) |'i = |b0i hb0|0i ⌦ |0i+ |b0i hb0|1i ⌦ |1i
= |b0i⌦

�
hb0|0i |0i+ hb0|1i |0i

�

= |b0i ⌦ |b0i

We have used here the fact that |b0i = hb0|0i |0i+ hb0|1i |0i.

2. Suppose Alice measures her qubit in an orthonormal basis
�
|b0i,

|b1i
 

obtained by rotating the computational basis by 120 degrees,

that is, |hb0|0i| = 1/2. Then the probability that Alice’s qubit col-

lapses to |b0i is |hb0|0i|2 = 1/4.

Note that 1 and 2 imply that if Al-

ice and Bob measure their entangled

qubits in the identical bases they get

identical results with probability 1,

and if they measure their entangled

qubits in the bases that are 120 de-

grees apart, they get identical re-

sults with probability 1/4.

A Measurement Protocol

In this protocol, Alice and Bob can perform measurements in three

possible orthonormal bases:
�
|a0i, |a1i

 
,
�
|b0i, |b1i

 
, or

�
|c0i, |c1i

 

that are 120 degrees apart, see Fig. 1. The measurement equipment is

connected to a light indicator which shows a red light when the result

of the measurement is either |a0i or |b0i or |c0i, and a green light when

the result of the measurement is either |a1i or |b1i or |c1i.

|c0i

|a0i

|b0i

 3-sided coin

|c0i

|a0i

|b0i

 3-sided coin

Figure 1: Alice and Bob randomly

pick a basis by rolling a 3-sided die.

Alice and Bob each have a 3-sided fair die, and share a large number

of entangled qubit pairs. For each entangled pair, Alice and Bob roll
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their respective dice. These rolls are independent of each other and of

the previous rolls. Based on their rolls outcomes, Alice and Bob choose

one of the three possible basis and measure their respective qubits, and

observe the light indicator. How often will Alice and Bob see the lights

of the same color?
2 2 Shared entanglement enables Alice

and Bob to observe the same light

color 50% of the time.

Note that Alice and Bob will chose the same basis with probability

1/2, and a pair of bases that are 120 degrees apart with probability

2/3. Whenever they choose the same basis, they will see the light of

the same color with probability 1. Whenever they choose different

bases, they will see the the same color with probability 1/4. Therefore,

Alice and Bob will see the same color with probability

1
3
· 1 +

2
3
· 1

4
=

1
2

Is such outcome a result of some “spooky action at a distance” or some

“hidden variables” e.g., a pre-determined light color response to each

of the three basis which is somehow hidden within the particles?

Talking Mice

RRG
a b c

Figure 2: Pixie and Dixie agree

in advance on which light will be

turned on for each of the three pos-

sible bases.

Can the result of the above measurement protocol be explained by

assuming that the particles had agreed in advance which light will be

turned on for each basis? For example, Pixie and Dixie of Fig. 2 could

agree that for a measurement in bases
�
|a0i, |a1i

 
and

�
|b0i, |b1i

 
,

they will always turn the red light on, and for a measurement in basis�
|c0i, |c1i

 
, they will always turn the green light on, as in Fig. 2.

Note that there are 8 possible agreements, and 9 possible Alice and

Bob basis pairs, as shown in Table 1. For each basis pair, we can check

if a particular agreement will result in Alice and Bob observing the

same (S) or different (D) light colors. Table 1 shows that no agreement

(row in the table) results in Alice and Bob observing the same light

color 50% of the time.

Alice and Bob Basis Pair
aa ab ac ba bb bc ca cb cc

P
ix

ie
-D

ix
ie

A
gr

ee
m

en
ts RRR S S S S S S S S S

RRG S S D S S D D D S

RGR S D S D S D S D S

RGG S D D D S S D S S

GRR S D D D S S D S S

GRG S D S D S D S D S

GGR S S D S S D D D S

GGG S S S S S S S S S

Table 1: Alice and Bob can observe

the same (S) or different (D) light

colors depending on their choice of

the basis pair and the Pixie-Dixie

agreement. No agreement (row in

the table) results in Alice and Bob

observing the same light color 50%

of the time.
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This lecture 1) describes bipartite quantum systems, 2) defines the Shan-
non and the von Neumann entropy, and 3) presents two similarity mea-
sures for density matrices.

Bipartite Quantum States

Let HA and HB be finite-dimensional Hilbert spaces with basis states
{|aii}ni=1 and {|bji}mj=1, respectively. Then the state space of the com-
posite system is the tensor product HA ⌦HB with the basis {|aii ⌦
|bji}, or in more compact notation {|aibji}.

Let | i 2 HA ⌦HB. We say that | i is a bipartite pure state of a
composite system with subsystems A and B.2 Any pure state of the 2 The state space of a composite

physical system is the tensor prod-
uct of the state spaces of the compo-
nent physical systems.

composite system can be written as

| i =
nX

i=1

mX

j=1

ci,j(|aii ⌦ |bji) =
X

i,j

ci,j|aibji,

where ci,j are complex numbers. If a pure state | i 2 HA ⌦HB can
be written in the form | i = | Ai ⌦ | Bi, it is said to be separable.
Otherwise it is called entangled. When a system is in an entangled
pure state, it is not possible to assign states to its subsystems.

Let ⇢AB be a density matrix in the product Hilbert space HA ⌦HB.
A mixed state of the bipartite system described by ⇢AB can be

1. a product state if ⇢AB = ⇢A ⌦ ⇢B or

2. a separable state if there exist a probability distribution {pk}, and
{⇢kA} and {⇢kB} which are mixed states of the respective subsystems
such that

⇢ =
X

k

pk⇢
k
A ⌦ ⇢kB.

Otherwise ⇢AB is an entangled state. Note that, for mixed states, sep-
arable and product are different notions.

Reduced Density Operator

Recall the trace expression in Dirac’s notation: Let |eii, i = 1, . . . ,n
be an orthonormal basis of Cn. Then |eiihei|A is a matrix whose i-th
diagonal element is aii and all other elements are 0. Therefore,

trA =
nX

i=1

tr
�
|eiihei|A

�
=

nX

i=1

hei|A |eii



quantum computing systems 2

Let ⇢AB be a density matrix in the product Hilbert space HA ⌦HB,
and let |bii be an orthonormal basis for HB. Then the partial trace
over the Hilbert space HB is defined as follows:3 3 You will often see a shorthand ex-

pression tr B⇢AB =
P

b hb| ⇢AB |bi
⇢A = tr B⇢AB =

X

i

�
I⌦ hbi|

�
⇢AB

�
I⌦ |bii

�

We say that ⇢A is a reduced density operator4 obtained from ⇢AB by 4 Reduced density operators are
quantum counterparts to marginal
distributions in the classical world.

tracing out the subsystem B.

Example #1 – Product State:
Suppose a quantum system is in the product state ⇢AB = ⇢A ⌦ ⇢B
where ⇢A is a density operator for system A, and ⇢B is a density op-
erator for system B. Then

⇢A = tr B(⇢A ⌦ ⇢B) = ⇢A tr ⇢B = ⇢A

Example #2 – Bell State:
Consider the bipartite state |�ABi (|00i+ |11i)/

p
2. This is a pure state

with the density operator

⇢AB = |�ABih�AB| =
1
2
(|00ih00|+ |00ih11|+ |11ih00|+ |11ih11|)

Tracing out the second qubit, we find the reduced density operator of
the first qubit,

⇢A = tr B⇢AB = (I⌦ h0|)⇢AB(I⌦ |0i) + (I⌦ h1|)⇢AB(I⌦ |1i)

=
1
2
(|0ih0|+ |1ih1|) = 1

2
I

How Close are Two Quantum States?

How Close are Two Probability Vectors?

Let P = {p1, . . . ,pk} and Q = {q1, . . . ,qk} be vectors of probabilities.
We can tell how close these vectors are by

1. total variation
D(P,Q) =

1
2

X

i

|pi - qi|

which measures the distance, and

2. Bhattacharyya coefficient

BC(P,Q) =
X

i

p
piqi

which measures the amount of overlap.5 5 Log of BC is Bhattacharyya ditance.
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Fidelity and Trace Distance

To measure how faithfully mixed state � approximates mixed state !
and vice versa, we use the so called mixed state fidelity F defined as

F(�,!) =
⌦

tr
⇥
(
p
�!

p
�)1/2⇤

↵2
, (1)

Besides computing the mixed state fidelity (1), one can measure how
close state � is to state ! by computing the trace distance

D(�,!) =
1
2

tr |�-!|.

Here |A| denotes the positive square root of A†A, i.e., |A| =
p
A†A.

The trace distance and the fidelity are closely related and the fol-
lowing holds:

1 - F(�,!) 6 D(�,!) 6
p

1 - F(�,!)2. (2)

The trace distance is a metric on the space of density operators, and
therefore the triangle inequality is true:

D(�,!) 6 D(�, ⌧) +D(⌧,!). (3)

It has some other useful properties, as well. When we need one of
those properties, we shall switch from the fidelity to the trace distance
and back by making use of the inequalities in (2).

Shannon Entropy

The Shannon entropy of a discrete RV X or probability distribution PX
is the expected information content of its letters:

H(X) =
X

x2X

-PX(x) logPX(x)

p

h(p)

Figure 1: Shannon’s Binary Entropy
h(p) = -p log(p)- (1-p) log(1-p)

When the source alphabet is binary with the probability of the two
letters p and 1 - p, the Shannon entropy is known as the binary en-
tropy, shown in Fig. 1. The binary entropy function attains its maxi-
mum value at p = 1

2 (cf. unbiased coin flip).
Entropy can be seen as a measure of the expected uncertainty as-

sociated with an RV or a probability distribution. It should then be
maximized by the uniform distribution among all distributions with
equal domain sizes.

Math Interlude – Matrix Functions

A logarithm of a square complex matrix A is any matrix B such that
eB = A, where he exponential of a matrix B is defined by

eB =
1X

n=0

Bn

n!
.
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Note that eVBV-1
= VeBV-1, and thus logA = V(logV-1AV)V-1.

Let D⇢ be a matrix obtained by diagonalizing ⇢. Then

D⇢ = P⇢P-1 =) logD⇢ = P(logP-1D⇢P)P
-1 = P(log ⇢)P-1

Von Neumann Entropy

Recall that the Shannon entropy measures the expected uncertainty as-
sociated with a classical probability distribution.6 The quantum coun- 6 Shannon entropy has multiple op-

erational meanings, including the
compression rate of classical DMS
information sources.

terpart of a probability distribution is a density matrix ⇢. The von
Neumann entropy is an older concept that generalizes the Shannon
entropy. It is given by

S(⇢) = - tr ⇢ log ⇢

If �i are eigenvalues of ⇢, we have

S(⇢) = -
X

i

�i log �i

The von Neumann entropy of a density matrix is, therefore, the Shan-
non entropy of the set of its eigenvalues. Properties of the Shannon
entropy imply that 1) the von Neumann entropy is nonnegative, and
zero if and only if the state is pure and 2) if ⇢ is in a d-dimensional
Hilbert space, then the entropy is at most logd. The entropy is equal
to logd if and only if the system is in the mixed state I/d.

Homework #6

1. Consider two diagonal density matrices, and express the fidelity
and the trace distance between them in terms of their eigenvalues.

2. Consider two pure states | i and |'i. Find the fidelity and the trace
distance between ⇢ and ⇢'.
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This lecture informally introduces several important notions in (quan-
tum) computing: information, measurements, and algorithms. It also
addresses some common misconceptions about the importance of prior
knowledge in algorithm design, and shows that even classical comput-
ing can be non-intuitive.

A Penny Weighing Problem:

Figure 1: How would you use a bal-
ance scale to determine which of the
8 pennies has a different weight?

You are given a balance scale and 8 pennies, one of which has a differ-
ent weight. What is the minimum number of measurements that will
always let you determine which penny has a different weight? How
will you perform the measurements?

The minimum number of measurements that will always let us de-
termine which penny has a different weight is three. Why? A possible
way (an algorithm) to perform the three measurements2 is given in 2 an algorithm
Table 1. The three rows starting with M1, M2, and M3 correspond to
the three measurements. The table entry at the intersection between
a column corresponding to a penny and a raw corresponding to a
measurement indicates whether the penny is put on the scale in that
measurement (0 if it is not) and if yes, whether it is placed on the left
platform L or on the right platform R.

penny

0 1 2 3 4 5 6 7

on
sc

al
e M1 0 0 0 0 L L R R

M2 0 0 L L 0 0 R R

M3 0 L 0 L 0 R 0 R

Table 1: Pennies placement on the
scale in three measurements. A
penny can be placed left (L), right
(R) or not at all (0).

Suppose that the penny 4 has different weight, then measurement
M1 will result in an unbalanced state of the scale and M2 and M3 in
the balanced state of the scale, as illustrated in Fig. 2.

Observe that since there is only one penny of different weight, a
measurement will result in an unbalanced state of the scale iff the
penny of different weight is placed on the scale in that measurement.
Therefore, the possible measurement outcomes are as given in Table 2.
In each measurement, the scale can be either balanced (0) or unbal-
anced (1). Not that for each of the 8 “different penny” possibilities,
we have a different set of measurement outcomes. Therefore a set of
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4 & 5 6 & 7 2 & 3 6 & 7 1 & 3 5 & 7

Figure 2: An example of measure-
ment outcomes. Which penny has
different weight?measurement outcomes uniquely identifies a different penny.

different penny

0 1 2 3 4 5 6 7

sc
al

e
st

at
e M1 0 0 0 0 1 1 1 1

M2 0 0 1 1 0 0 1 1

M3 0 1 0 1 0 1 0 1

Table 2: Scale states corresponding
to measurements for each of the 8
“different panny” possibilities. The
scale can be either balanced (0) or
unbalanced (1).

Suppose you have a balance scale as in Fig. 1. Find a set of 3 mea-
surements that you can use to identify the different penny if you know
that it is heavier (or lighter) than the other seven.

Some Observations

1. We have committed to the way we perform the three measurements
before the measuring process started. That is, we do not adapt3 3 Non-adaptive measuring can be as

powerful as adaptive.our measuring actions based on the results of the previous mea-
surement, e.g., how we perform M2 does not change based on the
outcome of M1.

2. Having some additional information could be helpful in designing
a set of measurements, even if it cannot reduce the number of mea-
surements. It can also be helpful in practice.

3. How we conduct measurements evidently depends on the kind of
scale we have. And so does the number of measurements. What
would you do if you had a scale which has the unit weight corre-
sponding to a regular penny fixed to the right tray, as in Fig. 3, and
you can only use the left tray to place pennies?
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Homework #7
unit weight

Figure 3: In this scale, there is some
unit weight fixed to the right tray.

1. Suppose you have a balance scale as in Fig. 1. Find a set of 3 mea-
surements that you can use to identify the different penny only if
you know that it is heavier (or lighter) than the other seven.
Hint: Consider adaptive measurements.

2. Suppose you have a fixed weight scale as in Fig. 3. How many
measurements would you need on average to find the single penny
that does not have the unit weight?
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This lecture introduces error correction.

Error Correcting Codes

Consider the following scaled down version of the penny weighing

problem we solved in our first class: How would you use a balance

scale to determine which of the 3 pennies has a different weight if

any? We will next use some of that reasoning to discuss the basic

principles in classical and quantum error correction. In both systems

we will be concerned with bit flips.

Error correcting codes add redundancy to data in order to be less

sensitive to errors. The most basic form of redundancy is simple repli-

cation, known as repetition coding. For example, if each bit is replicated

3 times, any single bit flip among the 3 replicas can be corrected by

turning it to the value of the other two replicas.

Correcting errors might sound like a

dreary practical problem, of little aes-

thetic or conceptual interest. But aside

from being of crucial importance for the

feasibility of quantum computation, it is

also one of the most beautiful and sur-

prising parts of the subject.

David Mermin

Quantum Computer Science: An Intro-

duction. Cambridge Univ. Press.

We will next formally describe the process of introducing redun-

dancy (encoding) and correcting errors (decoding) for a 1-to-3 bits

repetition code, which will allow us to introduce and understand its

quantum 1-to-3 Qubit counterpart, and (later in the course) study more

general quantum error correction.

Classical Error Correction

• Encoding is a map that introduces redundancy. In our 1-to-3 bits

repetition code example, encoding is the following map:

0 ! 000 and 1 ! 111

Therefore, each bit x is mapped to a 3 bit string x x x.

• Error Model: In our model, at most one of the bits x x x gets flipped.

Such flipping is equivalent to adding (component-wise) a string in

the set {000, 100, 010, 001} to x x x and getting y0 y1 y2:

error y0 y1 y2

000 x x x

100 x� 1 x x

010 x x� 1 x

001 x x x� 1

• Measurements: In a classical system, we perform the following ma-

trix vector multiplication
2
: 2 cf. Lesson # 1, penny weighing
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"
1 1 0
1 0 1

#

·

2

64
y0

y1

y2

3

75 =

"
y0 � y1

y0 � y2

#

We refer to the vector

"
y0 � y1

y0 � y2

#

as the error syndrome.

• Error Correction: The results of the two measurement (2 bits) in-

struct us how to correct errors, as follows:

y0 y1 y2 y0 � y1 y0 � y2 add

x x x 0 0 000
x� 1 x x 1 1 100

x x� 1 x 1 0 010
x x x� 1 0 1 001

�X and �Z Pauli Matrices – Review

matrix action eigenvalue/eigenvector

�X =

"
0 1
1 0

# |0i X |1i

|1i X |0i

+1/(|0i+ |1i)

-1/(|0i- |1i)

�Z =

"
1 0
0 -1

# |0i Z |0i

|1i Z - |1i

+1/|0i

-1/|1i

A Quantum Error Correcting Code

Quantum error correction
3

has to follow the laws of quantum me- 3 As significant as Shor’s factoring algo-

rithm may prove to be, there is another

recently discovered feature of quantum

information that may be just as impor-

tant: the discovery of quantum error

correction. Indeed, were it not for this

development, the prospects for quantum

computing technology would not seem

bright.

John Preskill

Quantum Computation Lecture Notes.

Chapter 1, 1997/98.

chanics. Therefore each action on Qubits has to be either unitary or a

measurement.

• Encoding: As in the classical case, encoding is a map that introduces

redundancy. In our example, a single Qubit state is mapped into a

3-Qubit state as follows:

↵ |0i+� |1i ! ↵ |000i+� |111i

The following unitary circuit can serve as a quantum mechanically

valid encoder for our code. It uses two CNOT gates and two ancillary

Qubits, each initially in the state |0i.
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↵ |0i+� |1i • •
|0i

|0i
} ↵ |000i+� |111i

The result is an entangled 3-Qubit state.

• Error Model: In our model, at most one Qubit experiences the ba-

sis flip. This flipping errors result from unitary error operators as

follows:

error operators resulting state

I⌦ I⌦ I ↵|000i+�|111i
�X ⌦ I⌦ I ↵|100i+�|011i
I⌦ �X ⌦ I ↵|010i+�|101i
I⌦ I⌦ �X ↵|001i+�|110i

• Measurements: We perform the following two measurements:

M1 : Defined by the Hermitian operator �Z ⌦ �Z ⌦ I, i.e., the fol-

lowing two orthogonal projection operators:
4 4 M1 compares Qubits 1 and 2.

⇧1 = |000ih000|+ |111ih111|+ |001ih001|+ |110ih110|

⇧2 = |010ih010|+ |101ih101|+ |011ih011|+ |100ih100|

⇧1 projects on the eigenspace of �Z ⌦�Z ⌦ I with eigenvalue 1, and

⇧2 projects on the eigenspace of �Z ⌦ �Z ⌦ I with eigenvalue -1.

M2 : Defined by the Hermitian operator �Z ⌦ I ⌦ �Z , i.e., the

following two orthogonal projection operators:
5 5 M2 compares Qubits 1 and 3.

⇧1 = |000ih000|+ |111ih111|+ |010ih010|+ |101ih101|

⇧2 = |001ih001|+ |110ih110|+ |011ih011|+ |100ih100|

⇧1 projects on the eigenspace of �Z ⌦ I⌦�Z with eigenvalue 1, and

⇧2 projects on the eigenspace of �Z ⌦ I⌦ �Z with eigenvalue -1.

• Error Correction: The results of the two measuremens are two eigen-

values (2 bits). As in the classical case, we refer to this result as the

error syndrome, which instructs us how to correct errors, as follows:

corrupted state M1 M2 apply

↵|000i+�|111i +1 +1 I⌦ I⌦ I

↵|100i+�|011i -1 -1 �X ⌦ I⌦ I

↵|010i+�|101i -1 +1 I⌦ �X ⌦ I

↵|001i+�|110i +1 -1 I⌦ I⌦ �X
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Remark: The error detecting procedure we used 1) follows directly from

classical error correction and 2) it is is useful in generalizing to other

quantum codes with more Qubits. However, M1 and M2 are not the

only measurements we can use to obtain the error syndrome that can

uniquely identify the error. To see that consider the following set of

projections:

⇧1 = |000ih000|+ |111ih111| no error

⇧2 = |100ih100|+ |011ih011| bit flip on Qubit one

⇧3 = |010ih010|+ |101ih101| bit flip on Qubit two

⇧4 = |001ih001|+ |110ih110| bit flip on Qubit three

Note that the (no)-error states belong to orthogonal subspaces, and

therefore a von Neumann measurement defined by projectors to those

subspaces can 1) unambiguously identify the error state and 2) will

not disturb the measured state.

Homework #8

1. Suppose you used the 1-to-3 Qubit code and there were bit flips

on Qubit 1 and on Qubit 2. Which state would you decode if you

followed the measurement and correction procedure we defined in

class?
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This lecture discusses (asymptotically) lossless classical source coding
(data compression).

Math Interlude

A sequence of random variables (RVs) X1, X2, . . . , Xn that are mutually
independent and have the same distribution2 is called a sequence of 2 We say that they are i.i.d. (inde-

pendent identically distributed).independent trials or an independent trials process.

Example:
A Bernoulli trials process is a sequence of chance experiments s.t.3 3 A coin toss is a Bernoulli trial.

1. Each experiment has two possible outcomes, which we may call
H & T , 1 & 0 , or in general, success & failure .

2. The outcome of each experiment is independent of other outcomes.

)
The probability of success p is

• the same for each experiment

• not affected by any knowledge of previous outcomes

Let X1, X2, . . . , Xn be an independent trials process4 with 4 The mean and variance are only
defined for numerically valued RVs.E(Xj) = µ < 1 and V(Xj) = �

2
< 1 (finite mean and variance).

Let Sn = X1 +X2 + · · ·+Xn.

The Weak Law of Large Numbers (WLLN) says that, for any ✏ > 0,

Pr
✓����

Sn

n
- µ

���� > ✏

◆
! 0 as n ! 1

Jensen’s Inequality:5 For an RV X with expectation E(X) and a convex 5 form often used in probability
function f, we have

f (E[X]) 6 E [f(X)] .

A Function of a Random variable

If X is an RV with the range ⌦X and Y = g(X), then Y is a random
variable. We have the following:

• The range of Y is ⌦Y =
�
g(x) | x 2 ⌦X

 
.
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• The probability distribution of Y is given by

P(Y = y) = P(g(X) = y) =
X

x:g(x)=y

P(X = x)

• The mean of Y is given by

E[Y] =
X

y2⌦Y

yP(Y = y) =
X

y2⌦Y

y ·
X

x:g(x)=y

g(x)P(X = x)

=
X

x2⌦X

g(x)P(X = x)

Example:6 Let X be the RV corresponding to rolling a die, and P
1
X

and 6 An unusual example but we need
to understand it.P

2
X

two probability distributions for X given by

X

P
1
X

1/6 1/6 1/6 1/6 1/6 1/6
P

2
X

1/3 1/6 1/12 1/6 1/6 1/12

Then P
1
X

as an RV that takes value 1/6 wp 1, and P
2
X

is an RV that take
values 1/3 wp 1/3, 1/6 wp 1/2 and 1/12 wp 1/6.

A Classical Source of Information

A discrete memoryless source7 (DMS) of information produces a se- 7 What information theorists call a
binary source is mathematically a
Bernoulli trials process.

quence of independent, identically distributed discrete random vari-
ables taking values in a finite set called the source alphabet. A DMS is
therefore an independent trials process characterized by an RV X and
its probability distribution PX. Each RV in the i.i.d. source sequence
X1, . . . ,Xn is distributed as X.

We also say that a DMS produces sequences of letters where each
letter is drawn from the set X (source alphabet, domain of X) inde-
pendently according to the probability distribution PX. Thus a source
sequence8 x = (x1, . . . , xn) 2 Xn occurs with probability 8 Compression algorithms deal with

source sequences rather than indi-
vidual letters.PX(x) = PX(x1) · . . . · PX(xn).

where PX(xi) = Pr(X = xi). Note that x = (x1, . . . , xn) is a particular
realization of the sequence of random variables X1, . . . ,Xn.

Information Content and Shannon Entropy

Suppose a fair coin is tossed and we are told that the head turned
up. How much information did we get? Would the answer be the
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same if the coin was biased? What if an 8-faced fair die is rolled, and 4
turned up? What if our 8-faced die was so biased that it shows an even
number wp 1/4 - � and an even number wp � for some very small �.
To uniquely identify each face on such a die, we need 3 bits. However,
information contained in an event is defined so that it measures our
surprise on learning that that event has happened.

Figure 1: How much information is
in an outcome of rolling a fair 8-
faced die?

We say that event A with probability Pr (A) contains

I(A) := log
1

[Pr (A)]

units of information. If the base of the logarithm is 2, the unit is the bit.
If the base of the logarithm is e, the unit is called the nat (for natural).
The information content is additive: If E and F are two independent
events, then

I(A,B) = I(A) + I(B)

For an information source with alphabet X and the associated RV X

whose domain (sample space) is X and probability distribution is PX.
The information content associated with the letter x in X is - logPX(x).
The Shannon entropy of the information source (or equivalently RV X

or probability distribution PX) is the expected information content of
its letters:

H(X) =
X

x2X

-PX(x) logPX(x)

p

h(p)

Figure 2: Shannon’s Binary Entropy
h(p) = -p log(p)- (1-p) log(1-p)

When the source alphabet is binary with the probability of the two
letters p and 1 - p, the Shannon entropy is known as the binary en-
tropy, shown in Fig. 2. The binary entropy function attains its maxi-
mum value at p = 1

2 (cf. unbiased coin flip).
Entropy can be seen as a measure of the expected uncertainty as-

sociated with an RV or a probability distribution. It should then be
maximized by the uniform distribution among all distributions with
equal domain sizes.

Asymptotic Equipartition

Consider a sequence of RVs X1, . . . ,Xn produced by a DMS character-
ized by the RV X whose probability distribution is PX and entropy is
H(X). The asymptotic equipartition property (AEP) is a theorem that
states that the following is true:

lim
n!1

Pr
h���-

1
n

logPX(X1,X2, . . . ,Xn)-H(X)
��� > ✏

i
= 0 8✏ > 0.

The AEP is a direct consequence of the weak law of large num-
bers. To see that, consider the sequence of random variables Y1, . . . ,Yn
where Yi = - logPX(Xi). Note that the following holds:
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1. Yi are i.i.d. and E(Yi) = H(X).

2. - logPX(X1, . . . ,Xn) = log
nY

i=1

PX(Xi) =
nX

i=1

Yi

The AEP follows from applying the WLLN to the process Y1, . . . ,Yn.

Weak Typicality

We say that a source sequence x1, . . . , xn is weakly "-typical (aka en-
tropy "-typical) if

2-n(H(X)+") 6 PX(x1, x2, . . . , xn) 6 2-n(H(X)-")

The set of all such sequences is known as the typical set A(n)
" .

The AEP implies that, asymptotically, the probability of the typi-
cal set is large, while (unless PX is uniform), its size is small. More
precisely, given any " > 0, one can choose n such that:

1. Pr
⇥
A

(n)
✏

⇤
> 1 - "

2. (1 - ")2n(H(X)-") 6
��A"

(n)
�� 6 2n(H(X)+")

Xn

A
(n)
✏

��A(n)
✏

�� ⇡ 2nH(X)

��Xn
�� = |X|n

Therefore, the fraction of sequences that are typical is

|A
(n)
✏ |

|X(n)|
6 2nH(X)+"

2n log2 |X|
= 2-n(log2 |X|-H(X)-") ! 0

as n ! 1 since H(X) < log2 |X|.

(Asymptotically) Lossless Source Coding

How many bits do we need to represent the 2n log2 |X| source sequences
of length n? On average, we need only about nH(X) bits if we use e.g.,
one of the following two procedures of assigning strings of bits to the
sequences of letters.9 9 More efficient algorithms are used

in practice, and real sources are sel-
dom DMS.Enumeration

Here is an example of a lossless source encoding scheme:

1. Partitioning: Divide all sequences in Xn into two sets: the typical
set A(n)

" and its complement.

2. Ordering: Order the elements in each set according to some (e.g.,
lexicographic) order. Give each sequence an index corresponding to
the order it has within its set.
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3. Labeling: For each sequence in A
(n)
" use a 0 followed by dn(H(x) +

")e bits that correspond to its index. For each sequence in the com-
plement of A(n)

" , use 1 followed by dn log |X|e bits10 that correspond 10
l
n log

��X \ A
(n)
"

��
m

bits are suffi-
cient, but dn log |X|e is good enough
for efficient compression.

to its index. Here, the initial bit acts as a flag bit to indicate the
length of the codeword that follows. The mapping from source
sequences to bit strings is thus one-to-one and look-up table decod-
able.

Random Binning

Here is an example of an asymptotically lossless source coding scheme:

1. Encoding:11 For each sequence in Xn, we draw an index at ran- 11 source sequence �! index
dom with replacement from the set {1, 2, . . . , 2nR}. This procedure
is identical to randomly throwing sequences from Xn into 2nR bins
labeled by {1, 2, . . . , 2nR}. Note that the encoder does not need to
know the typical set.

2. Decoding:12 Given an index (bin), we look for a typical source se- 12 index �! source sequence
quence in the bin. If there is one and only one typical sequence
in the bin, we declare it to be the estimate of the source sequence;
otherwise, we declare an error. Note that the decoder does need to
know the typical set.

Observe that there are two ways that the decoder may declare an
error for an index i: 1) there is more than one typical sequence with the
index i, and 2) there is no typical sequence with the index i. But if the
number of bins is much larger than the number of typical sequences,
the probability that there is more than one typical sequence in a bin
is very small, and hence the probability that a typical sequence will
result in an error is very small.

Problems – Homework # 9

1. Let X be a finite set (alphabet) and P(X) be the set of all probability
distributions on X. Show that

max
P2P(X)

H(P) 6 log|X|

Hint: Use Jensen’s inequality.

2. Find the expected codeword length when the enumeration algo-
rithm is used to encode source sequences.

3. Find the probability of decoding error when the binning (hashing)
algorithm is used to encode source sequences.
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This lecture discusses blind quantum source coding.

Quantum DMS

A discrete memoryless source (DMS) of information produces a se-
quence of independent, identically distributed random variables tak-
ing values in a finite set called the source alphabet X. The source pro-
duces letter a 2 X with probability Pa. In quantum systems, source
letters are mapped into quantum states for quantum transmission or
storage. We will concentrate on pure states2 where source letter a 2 X 2 Mixed states compression has not

been fully understood.is mapped into qubit | ai.

The Density Matrix and the Entropy of the Source

The Source density matrix is defined as

⇢ =
X

a2X

Pa | aih a|| {z }
⇢a

.

and its von Neumann entropy is

S(⇢) = - tr ⇢ log ⇢ = -
X

i

�i log �i,

where �i are the eigenvalues of ⇢.

Vector Sequences

Suppose that the classical source letter a 2 X is mapped into the quan-
tum source state | ai 2 Hd. Then quantum state | xi 2 H

⌦n

d
that

corresponds to source sequence x = x1, x2, . . . , xn 2 X
n is given by

| xi = | x1i ⌦ | x2i ⌦ · · ·⌦ | xn
i, xi 2 X,

which we will refer to as the quantum source vector-sequence. State
| xi is produced by the source with probability Px = Px1 ·Px2 · . . . ·Pxn

.
The states that correspond to typical sequences are called typical states.
Thus there are approximately 2nH(P) typical states.
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The Typical Subspace ⇤n

We represent the source density matrix ⇢ =
P

a2X P(a)| aih a| in
terms of its eigenvectors and eigenvalues as

⇢ = �0|�0ih�0|+ �1|�1ih�1|.

Recall that ⇤ = {�0, �1} is a PD on {0, 1} and h�0|�1i = 0, and thus we
can define typical sequences according to distribution ⇤. We say that
sequence z = z1, . . . , zn 2 {0, 1}n is weakly ✏n-typical if

2-n(H(⇤)+✏n) 6 ⇤(z1, . . . , zn) 6 2-n(H(⇤)-✏n)

The set of all such sequences A⇤
✏n

is the typical set according to distri-
bution ⇤. There are approximately 2nH(⇤) = 2nS(⇢) such sequences.

We define the typical subspace ⇤n to be the subspace spanned by
the typical states |�zi, z 2 A⇤

✏n
. We define the projector to ⇤n and its

complement:

⇤n

⇤?
n

| xi = | x
⇤ni+ | x

⇤
?
n i

Figure 1: Each source vector state
| xi is a sum of its projections to ⇤n

and ⇤n
?.

⇧ =
P

z2A⇤
✏n

|�zih�z| is the projector to ⇤n.
⇧? =

P
z2{0,1}n\A⇤

✏n

|�zih�z| is the projector to ⇤n
?.

Note that ⇧+⇧? = I2n .
The dimension of ⇤n is approximately 2nS(⇢).

Vector-Sequences and Fidelity

Recall that source vector-sequences | xi are in H
2n , (x 2 X

n) . Vector
| xi is compressed and then reproduced as |c xi. The fidelity between
| xi and |c xi is

F(| xi, |c xi) = |h x|
c xi|2

For asymptotically lossless compression, the expected fidelity

F̄ =
X

x2Xn

P(x)F(| xi, |c xi)

should approach 1 as n ! 1.

Typical Subspace and Blind Compression

In blind quantum compression, Alice cannot see source sequences, and
has to compress quantum vector states by using operations allowed by
quantum mechanics. To compress an n-qubit source vector-sequence
| xi 2 H

2n , Alice performs measurement defined by ⇧, ⇧?. The state
after the measurement is

1. ⇧ · | xi/
p
h x|⇧| xi = | x

⇤ni with probability h x|⇧| xi

2. ⇧? · | xi/
p
h x|⇧?| xi with probability h x|⇧

?
| xi
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If Alice gets result 1, her resulting state is | x
⇤ni. Note that this is

still an n-qubit state. However, Alice can apply a unitary change of
basis U that takes each state | x

⇤ni to a state of the form | x
ci ⌦ |0ri,

where state | x
ci consists of |A⇤

✏n
| (approximately 2nS(⇢)) qubits, and

|0ri is the (2n - |A⇤
✏n

|) - fold Kronecker product of |0i states. Alice
then sends | x

ci to Bob. Bob recovers | x
⇤ni by first appending |0ri

to | x
ci and applying U to the resulting bipartite state. In summary,

the compression algorithm operates as follows:

Encoder:

For each source vector state | xi of n qubits,

1. Alice performs the measurement defined by the projection to the
typical subspace and its complement to obtain | x

⇤ni (result 1) or
| x

⇤
?
n i (result 2).

2. If Alice gets result 2, she sends some fixed state of 2nS(⇢) qubits to
Bob. Otherwise, she applies a unitary transform U s.t.

| x
⇤ni U�! | x

ci ⌦ |0ri

She then sends | x
ci to Bob.

Decoder Bob:

1. Receives | x
ci and appends ancillary qubits to get | x

ci ⌦ |0ri

2. Applies a unitary transform U s.t.

| x
ci ⌦ |0ri

U�! | x
⇤ni

Bob’s reconstructed state is the normalized state

|c xi = ⇧ · | xi/
p
h x|⇧| xi
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Blind Compression Fidelity

F̄ =
X

x2Xn

P(x)F(| xi, |c xi)

=
X

x2Xn

P(x)
⇥
Pr(result 1|x)F(| xi, |c xi) + Pr(result 2|x)F(| xi, |c xi)

⇤

>
X

x2Xn

P(x)Pr(result 1|x)F(| xi, |c xi)

=
X

x2Xn

P(x)h x|⇧| xi
⇥
h x|⇧| xi/

p
h x|⇧| xi

⇤2

=
X

x2Xn

P(x)|h x|⇧| xi|2 >
X

x2Xn

P(x)(1 - 2h x|⇧| xi)

= -1 + 2 tr(⇧⇢⌦n)

= -1 + 2 tr
⌦h X

z2A⇤
✏n

|�zih�z|

i
·
h X

z2{0,1}n
�(z)|�zih�z|

i↵

= 1 - 2✏n
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This lecture discusses classical and quantum transmission of classical

information.

The fundamental problem of communication is that of reproducing at one point
either exactly or approximately a message selected at another point. Frequently,
the messages have meaning; ...2 2 A quote by Claude E. Shannon,

who is considered to be the father

of Information Theory.Binary-Input Communications Channel

The transmitter Alice has a sequence of bits to send to the receiver Bob.

She represents her 0s and 1s into two distinguishable physical quan-

tities that can be physically carried by the communications channel.

transmitter channel receiver
X Y bX

What did Alice say?

Figure 1: A classical communica-

tions system with binary input.

Mathematically, a communications channel is a probabilistic device. It

involves at least 2 random variables:

• X – the channel input; its range X is called the input alphabet
3 3 Recall that in our probability class,

we used ⌦X to denote the range of

random variable X.
• Y – the channel output; its range Y is called the output alphabet

Channel output RV Y is a noisy version of its input RV X. The relation

between the input and the output is described by, e.g.,

• the conditional probability of the output given the input W(Y | X).

We call W the channel transition probability.

• a noise random variable Z added to the input s.t. Y = X+Z.

A discrete memoryless channel (DMC)
4 1) has discrete RVs at its in- 4 We will only consider DMCs.

puts and outputs with finite alphabets, and 2) the output symbol at

time i depends only on the input symbol at time i and not on any of

the previous input symbols (memoryless), that is,

P(Y1 = y1, . . . ,Yn = yn | X1 = x1, . . . ,Xn = xn) =
nY

i=1

P(Yi = yi | Xi = xi)

Based on the received y, Bob makes an estimate bx of the true x.
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Examples of Classical Channels

The Binary Symmetric Channel BSC(p)

Binary input and output: X = Y = {0, 1}

W(0 | 0) = W(1 | 1) = 1 - p

W(1 | 0) = W(0 | 1) = p X Y

0 0
1- p

1 11- p

p

p

Figure 2: Binary symmetric channel

BSC(p).

We can instead say

Y = X+Z mod 2 where Z ⇠Bernoulli(p).

The Z Channel

X Y

0 0
1

1 11- p

p

Figure 3: Z channel.

Binary input and output: X = Y = {0, 1}

W(0 | 0) = 1 W(1 | 0) = 0

W(0 | 1) = p W(1 | 1) = 1 - p

This channel models the optical ON/OFF channel, since even when

light is ON, we can have no photons reaching the detector.

Binary Erasure Channel BEC(✏)

Binary input and ternary output: X = {0, 1}, Y = {0, 1,-}

W(1 | 0) = W(0 | 1) = 0

W(0 | 0) = W(1 | 1) = 1 - ✏

W(- | 0) = W(- | 1) = ✏ X Y

0 0
1- ✏

1 1

-

1- ✏

✏

✏

Figure 4: Binary erasure channel

BEC(✏).

Is this channel additive?

Binary Input Additive Gaussian Noise Channel

-1 or 1 input and real-valued output: X = {-1, 1}, Y = R

W(y | -1 ) =
1p

2�2⇡
e-

(x+1)2
2�2

W(y | +1 ) =
1p

2�2⇡
e-

(x-1)2
2�2

We can instead say Y = X+Z where Z ⇠ N(0,�2).

-1 0 1

x = -1
x = 1

y

W(y | x)

Figure 5: Binary input addi-

tive white Gaussian noise channel

AWGN(�).

If you know the PMF of X and the channel, can you find the PMF

(PDF) the output?
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Quantum Measurement as a Communications Channel

Assume an ensemble
�
| ii,pi

 
of pure states is measured by a quan-

tum measurement. We can consider this process as a communica-

tions channel which has as its possible inputs vectors | ii, i 2 X. The

channel outputs (vectors |'ji) and the transition probabilities are de-

termined by the chosen measurement.

input

output

|'ji

|'li

| ii

| ki

W(j|i)

W(l|k)

van Neumann Measurement

• A set of pairwise orthogonal projection operators {⇧j} that form a

complete resolution of the identity:
P

j⇧j = I.

• For input | ii, the output
1

k⇧j| iik⇧j| ji happens with probability

W(j|i) = h i|⇧j| ii.

|h 0|$i|2

|h 1|l i|2

INPUT OUTPUT

| 1i

| 0i

|l i

|$i
⇧0 = |$ih$|

⇧1 = | l ih l |

|$i

| l i
| 1i

| 0i

Positive Operator-Valued Measure (POVM)

• Any set of positive-semidefinite operators {Ej} that form a complete

resolution of the identity:
P

j Ej = I.

• For input | ii, the output
1

kEj| iikEj| ii happens with probability

W(j|i) = h i|Ej| ii.

|h 1|'3i|2

|h 0|'3i|2

|h 0|'0i|2

|h 1|'1i|2

INPUT OUTPUT

| 1i

| 0i

|'1i

|'0i

|'3i

|'1i

|'0i

| 1i

| 0i

|'3i

Figure 6: A 3 element POVM that

gives a binary erasure channel be-

cause h'0| 1i = 0 and h'1| 0i = 0.

We would like to select a measurement to e.g., minimize error rate.
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Channel Coding

We protect messages from errors/erasures by transmitting redundant

information, namely, error/erasure correcting coding.

BSC(p) with Repetition Coding

Encoder:

message transmit

0 000
1 111

Random Variables in a Repetition Code on the BSC

M - RV associated with the message, ⌦M = {0, 1}.
We assume that P(0) = P(1) = 1/2, i.e., equal priors.

X̄ - at the channel input, X̄ = {000, 111}.

Ȳ - at the channel output, Ȳ = {000, 001, 010, 100, 111, 110, 101, 011}.

Transitions from 000 input.

000

000 (1- p)3

100 (1- p)2p

010 (1- p)2p

001 (1- p)2p

110 (1- p)p2

011 (1- p)p2

101 (1- p)p2

111 p3

Ȳ P(Ȳ | X̄)X̄

Transitions from the 111 input.

111

000 p3

100 p2(1- p)

010 p2(1- p)

001 p2(1- p)

110 (1- p)2p

011 (1- p)2p

101 (1- p)2p

111 (1- p)3

Ȳ P(Ȳ | X̄)X̄

Decoder:

Q: What should the optimal receiver do when we have equal priors?

A: On a DMC, the receiver should implement majority logic.

Q: What if we did not have a memoryless channel and equal priors.

What is the error rate Pe?

p

Pe

• Without coding, the probability of error is Pe = p.

• With coding, the probability of error is Pe = p3 + 3p2(1 - p)

(corresponding to 3 or 2 flips).
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BEC(✏) with Parity-Check Coding

Encoder:

message transmit

00 000
01 011
10 101
11 110

Decoder:
The decoder is able to reconstruct the message as long as none or one

codeword symbols are erased. What is the erasure rate Px?

✏

Px
Figure 7: Probability of erasure with

a rate 2/3 parity chcek code.

• Without coding, the bit erasure probability ✏.

• With coding, the bit erasure probability is Px = ✏
⇥
✏2 + 2✏(1 - ✏)

⇤
.

What is the message erasure probability?

Homework #10

1. If X is Bernoulli(1/2), find the PMF of Y for the BSC(p), BEC(✏),

and the Z channels.

2. Sketch the channel under the "?" in Fig. 6.

3. Find the expression for the probability of message erasure on BEC(✏)

with a rate 2/3 parity chcek code. Sketch the graph under the "?" in

Fig. 7.
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This lecture discusses achievable information rates over classical com-
munications channels.

At what rate can we send messages through a channel?

in other words

How many bits of information can be sent in n channel uses?

Example (Noiseless Channel):

If the channel is noisless, then its output Y is identical to its input
X. There are approximately 2nH(X) typical sequences of length n.
Therefore, nH(X) bits can be sent in n channel uses.
=)
The rate of information transmission is H(X).

Example (Noisy Typewriter):

The typed letter (channel input) shows on paper either unchanged
with probability 1/2 or is transformed into the next letter with proba-
bility 1/2. If the input is the English alphabet, which has 26 symbols,
and we use every other letter, we can transmit one of 13 symbols with-
out error with each transmission. Is that the best we can do?

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •

• •A

B

C

D

A

B

C

D

X

Y

Z

X

Y

Z •

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•A

C

A

B

C

D

Y Y

Z

Figure 1: A noisy typewriter chan-
nel and its reduced alphabet ver-
sion.

Recall the Shannon quote:

The fundamental problem of communication is that of reproducing at one point

either exactly or approximately a message selected at another point.

How many messages can be selected at the channel input that is
described by the RV X? How large can a subset of these messages be
s.t. a nosy version of any message in this subset is likely to be distin-
guishable from a noisy version of any other message in the subset?

In order to talk about the information rates over noisy channels, we
next introduce some relevant classical information measures.
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Classical Information Measures

Shannon Entropy of RV X

Let X be a discrete random variable with alphabet (range) X and PMF
PX. The Shannon entropy H(X) (in bits) is defined as follows:

H(X) = -
X

x2X

PX(x) log2 PX(x)

H(X) tells us how many typical sequences the source can generate.
Xn

A
(n)
✏

��A(n)
✏

�� ⇡ 2nH(X)

��Xn
�� = |X|n

Figure 2: The high probability sub-
set in Xn in contains 2nH(X) equally
likely sequences.

Conditional Entropy

Consider two discrete random variables: X with alphabet X and Y

with alphabet Y (corresponding to the channel inputs and outputs).
Consider RV Y conditioned on RV X taking a certain value. Its PMF is
p(y|x), y 2 Y, and thus its entropy H(Y|X = x) is given by

H(Y|X = x) = -
X

y2Y

p(y|x) log p(y|x).

The conditional entropy H(Y|X) of Y given X is defined as the expected
value of H(Y|X = x) over X:

H(Y|X) =
X

x2X

p(x)H(Y|X = x)

= -
X

x2X

p(x)
X

y2Y

p(y|x) log p(y|x)

= -
X

x2X

X

y2Y

p(x)p(y|x) log p(y|x)

= -
X

x2X,y2Y

p(x,y) log
p(x,y)
p(x)

.

H(Y|X) tells us how many typical sequences at the channel output cor-
respond to a typical channel input sequence.

x 2nH(Y|x)

Figure 3: x 2 Xn at the channel in-
put gives raise to 2nH(Y|x) typical
sequences at the channel output.Observe the following:

• H(Y|X) = H(Y) iff Y and X are independent.

• H(Y|X) 6 H(Y) – conditioning reduces entropy for dependent RVs.

• H(Y|X) = 0 iff the value of Y is completely determined by the value
of X, as in the noiseless channel.
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Mutual Information of RVs X and Y

We can now address the following questions: How many messages can
be selected at the channel input that is described by the RV X? How
large is a subset of these messages s.t. a nosy version of any message
in this subset is likely to be distinguishable from a noisy version of any
other message in the subset?

x1 • 2nH(Y|x1)

x2 • 2nH(Y|x2)

xk • 2nH(Y|xk)

2nH(X)

2nH(Y)

...

Figure 4: For each of the 2nH(X)

typical input sequences, there are
approximately 2nH(Y|X) condition-
ally typical Y sequences, all of them
equally likely. In order to be able
to decide what was the input, we
have to ensure that no two input
sequences produce the same output
sequence.

Note from the illustration and explanation in Fig. 4, that we can-
not have more than 2nH(Y)

/2nH(Y|X) input sequences and hope that
their noisy versions are different. The classical channel coding the-
orem shows that approximately 2nH(Y)

/2nH(Y|X) = 2n[H(Y)-H(Y|X)]

indeed can be found s.t. the sets of their likely noisy versions have
diminishing intersections as n increases.2 2 Therefore, the achievable informa-

tion rate, that is, the average num-
ber of bits per channel use, is equal
to I(X; Y).

The quantity H(Y)-H(Y|X) is known as the mutual information be-
tween random variables X and Y, and is defined as follows:

I(X; Y) =
X

y2Y

X

x2X

p(X,Y)(x,y) log
p(X,Y)(x,y)
pX(x)pY(y)

(1)

We have
I(X; Y) = H(Y)-H(Y|X) = H(X)-H(X|Y) (2)

We here provided only some general reasoning. For proofs, please see
e.g. Elements of Information Theory by Cover and Thomas.
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Joint Shannon Entropy of RVs X and Y

The joint Shannon entropy (in bits) of two discrete random variables X

with alphabet X and Y with alphabet Y is defined as

H(X, Y) = -
X

x2X

X

y2Y

P(x,y) log2 P(x,y)

We have
I(X; Y) = H(X) + H(Y)- H(X, Y)

H(X|Y) H(Y|X)I(X; Y)

H(X) H(Y)

H(X, Y)

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx| {z }

Figure 5: Relationships between the
classical information measures.

The joint entropy for n random variables X1, . . . ,Xn is defined as

H(X1, . . . ,Xn) = -
X

x12X1

· · ·
X

xn2Xn

P(x1, . . . , xn) log2 P(x1, . . . , xn)

where x1, . . . , xn are particular values of X1, . . . ,Xn, respectively, and
P(x1, . . . , xn) = P(X1 = x1, . . . ,Xn = xn) is their joint probability.

Some properties of the joint Shannon entropy:

1. Nonnegativity:
H(X1, . . . ,Xn) > 0

2. Chain rule:

H(X1, . . . ,Xn) =
nX

k=1

H(Xk|Xk-1, . . . ,X1)

3. Subadditivity:

H(X1, . . . ,Xn) 6 H(X1) + . . . + H(Xn)

4. Strong subadditivity:

H(X, Y,Z) +H(Y) 6 H(X, Y) +H(Y,Z).

The van Neumann (aka quantum) entropy is also non-negative and
subadditive. The strong subadditivity holds as well.

The Relative Entropy (aka the Kullback–Leibler Divergence)

For two discrete probability distributions P and Q defined on the same
alphabet (range), the Kullback–Leibler divergence from Q to P on the
same probability space X is defined to be

DKL(P k Q) =
X

z2Z

P(z) log
P(z)

Q(z)
. (3)

Let Z be the a joint RV of X and Y, that is Z = (X, Y), and P the joint
distribution pXY . Let Q be the product distribution of the marginals
pX and pY .3Then the divergence from the product distribution pXpY 3 What is the alphabet of P and Q?
to the joint distribution pXY is the mutual information between X and
Y. Compare equations (1) and (3).
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Homework #11

1. For the BSC(p), BEC(✏), and the Z channels, find H(Y|0) and H(Y|1).

2. If X is Bernoulli(1/2), find I(X; Y) for the BSC(p), BEC(✏), and the
Z channels.

3. Consider the noisy typewriter channel as discribed above, and as-
sume that the letters are equiprobable. Compute I(X; Y). Does the
noiseless version shown in Fig. 1 achieve this information rate?

4. If X is an RV with alphabet X and Y is an RV with alphabet Y, what
is the alphabet Z of the random variable Z = (X, Y)?
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This lecture discusses accessible information and the Holevo bound.

Accessible Information

Suppose Alice has a classical random variable X with alphabet X with
|X| letters and letter probabilities {p1,p2, . . . ,p|X|}. When X assumes
letter a 2 X, Alice prepares quantum state with density matrix ⇢a and
gives this state to Bob, whose goal is to find the value a of X that
Alice has. In order to achieve his goal Bob performs a measurement
on the received state obtaining a classical outcome, namely, a random
variable which we denote with Y.

input

output

j

l

⇢i

⇢k

X Y

W(j|i)

W(l|k)

Figure 1: For input | ii, the output
1

kEj| iikEj| ii happens with prob-
ability W(j|i) = h i|Ej| ii

As we discussed last time, the process of measurement is mathemat-
ically equivalent to classical information transmission through a classi-
cal channel determined by the selected measurements.2 Therefore, the

2 The channel output and the transi-
tion probabilities are determined by
the selected measurement.

amount of information that Bob can get about the variable X through
the associated quantum ensemble E = {⇢a,pa}a2X is the maximum
value of the mutual information I(X; Y) between the random variables
X and Y over all the possible measurements that Bob can make on E.
We refer to this information as the accessible information Acc of E:

Acc(E) = max
measurements

I(X; Y)

Example

Consider an ensemble of pure states | 0i and | 1i, as shown in Figs. 2
and 3. A von Neumann measurement will give us a binary-output
channel, as in Fig. 2. A POVM measurement will give us a channel

|h 0|$i|2

|h 1|l i|2

INPUT OUTPUT

| 1i

| 0i

|l i

|$i
⇧0 = |$ih$|

⇧1 = | l ih l |

|$i

| l i
| 1i

| 0i

Figure 2: A two-qubit ensamble
with a von Neumann measurement.

with more outputs. Note that the transition probabilities also depend
on the applied measurement. How do we choose a measurement to
maximize the accessible information?
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|h 1|'3i|2

|h 0|'3i|2

|h 0|'0i|2

|h 1|'1i|2

INPUT OUTPUT

| 1i

| 0i

|'1i

|'0i

|'3i

|'1i

|'0i

| 1i

| 0i

|'3i

Figure 3: A two-qubit ensemble
with a POVM measurement.

The general formula formula to compute the accessible information
for an ensemble E = {⇢a,pa}a2X is not known. The best known upper
bound on accessible information is the Holevo bound:

Acc(E) 6 S(⇢)-
X

a2X

paS(⇢a) (1)

where ⇢ =
P

a2X pa⇢a is the ensemble density matrix. The quantity

� = S(⇢)-
X

a2X

paS(⇢a)

is called the Holevo information or the Holevo � quantity.
In order prove the Holevo bound (1), we devise a tripartite quantum

system we refer to ABM. The subsystem A
3 corresponds to the Alice’s 3 channel input RV X

RV X and is described by the ensemble {|ai,pa}a2X where |ai,a 2 X

are orthogonal states. The subsystem B corresponds to the quantum
state prepared by Alice and given to Bob and is described by the en-
semble E = {⇢a,pa}a2X. The subsystem M

4 is where Bob imprints his 4 channel output RV Y
measurement result.

The joint system ABM is prior to the measurement in the state

⇢ABM =
X

a2X

pa|aiha|⌦ ⇢a ⌦ |0ih0|

The state of the subsystem M before the measurement is some known
state of the register, here |0ih0|. If the B subsystem is in state ⇢a (for
some a 2 X, and Bob performers the von Neumann measurement
{⇧m}, then Bob is left with the state5 5 Recall that measuring a system in

state � leaves the system in stateP
m ⇧m⇢a⇧m.⇢a ⌦ |0ih0| �!

X

m

⇧m⇢a⇧m ⌦ |mihm|

Therefore, the tripartite system state ⇢ABM is mapped into ⇢0ABM as
follows:

⇢ABM �! ⇢
0
ABM =

X

a2X

pa|aiha|⌦
X

m

⇧m⇢a⇧m ⌦ |mihm|
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By the strong subadditibvity of the quantum entropy,6 we have 6 Both the Shannon and van Neu-
mann entropy satisfy the subaddi-
tivity property (see Lecture #14.S(⇢0ABM) + S(⇢0M) 6 S(⇢0AM) + S(⇢0BM), (2)

which translates into the Holevo bound (cf. Homework).

Homework #12

1. (bonus) Show that the following identities hold:

(a) S(⇢0ABM) = H(X) +
P

a2X paS(⇢a)

(b) S(⇢0M) = H(Y)

(c) S(⇢0AM) = H(X, Y)

(d) S(⇢0BM) = S(⇢)

2. Show that the Holevo bound follows from the inequality (2) and
the claims in Problem 1.
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This lecture discusses attaining the Holevo bound by multiple channel
uses, and the classical capacity of quantum channels.

Suppose Alice has a classical random variable X with alphabet X with
|X| letters and letter probabilities {p1,p2, . . . ,p|X|}. When X assumes
letter a 2 X, Alice prepares quantum state with density matrix ⇢a
and gives this state to Bob (over a noiseless quantum channel), whose
goal is to find the value a of X that Alice has. In order to achieve his
goal Bob performs a measurement on the received state obtaining a
classical outcome, namely, a random variable which we denote with Y.

As we previously discussed, the process of measurement is math-
ematically equivalent to classical information transmission through a
classical channel determined by the selected measurements. There-
fore, the amount of information that Bob can get about the variable
X through the associated quantum ensemble E = {⇢a,pa}a2X is the
maximum value of the mutual information I(X; Y) between the ran-
dom variables X and Y over all the possible measurements that Bob
can make on E. We refer to this information as the accessible informa-
tion Acc of E:

Acc(E) = max
measurements

I(X; Y)

The general formula formula to compute the accessible information
for an ensemble E = {⇢a,pa}a2X is not known. The best known upper
bound on accessible information is the Holevo bound:

Acc(E) 6 S(⇢)-
X

a2X

paS(⇢a) (1)

where ⇢ =
P

a2X pa⇢a is the ensemble density matrix. The quantity

� = S(⇢)-
X

a2X

paS(⇢a)

is called the Holevo information or the Holevo � quantity.
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Review – The Typical Subspace ⇤n

We represent density matrix ⇢ =
P

a2X p(a)| aih a| of the qubit en-
semble E = {| ai,pa}a2X in terms of its eigenvectors and eigenvalues:

⇢ = �0|�0ih�0|+ �1|�1ih�1|,

where {�0, �1} is a PMF on {0, 1} and h�0|�1i = 0. Therefore, ⇢ is also
the density matrix of the ensemble {|�ii, �i}i2{0,1}, and we an express
express ⇢⌦n in two ways as follows:

⇢⌦n =
X

x2Xn

px | xih x| =
X

z2{0,1}n
�z |�zih�z|.

where | xi = | x1i ⌦ · · ·⌦ | xni, px = px1 · . . . · pxn , xi 2 X,
and |�zi = | z1i ⌦ · · ·⌦ | zni, �z = �z1 · . . . · �zn , zi 2 {0, 1}.

We can define typical sequences according to the distribution ⇤ =

{�0, �1} as follows. We say that sequence z = z1, . . . , zn 2 {0, 1}n is
weakly ✏n-typical if

2-n(S(⇢)+✏) 6 �z 6 2-n(S(⇢)-✏) (2)

The set of all such sequences A✏ is the typical set according to distri-
bution ⇤. It’s size

��A"

�� is bounded as follows:

(1 - ")2n(S(⇢)-") 6
��A✏

�� 6 2n(S(⇢)+✏) (3)

From (2) and (3), it follows that probability of the typical set A✏ is
higher than 1 - ✏, and thus the probability of its complement AC

✏ is

Pr
�
AC

✏

�
=

X

�z2AC
✏

�z 6 ✏. (4)

⇤n

⇤?
n

| xi = | x
⇤ni+ | x

⇤?
n i

Figure 1: Each source vector state
| xi is a sum of its projections to ⇤

and ⇤?.

We define the typical subspace ⇤n to be the subspace spanned by
the typical states |�zi, z 2 A✏. We define the projector to ⇤n and its
complement:

⇧ =
P

z2A✏
|�zih�z| is the projector to ⇤n.

⇧? =
P

z2{0,1}n\A✏
|�zih�z| is the projector to ⇤n

?.

Note that ⇧+⇧? = I2n .
The dimension of ⇤n is at most 2n(S(⇢)+✏), cf. (3).
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Attaining the Holevo Bound Asymptotically

Given an ensemble of quantum states E, can we construct a measure-
ment that gives a classical channel s.t. I(X, Y) = �? In general, we
do not know how to find Acc(E). But, given an ensemble of quan-
tum states, we can construct n-letter codewords to transmit k classical
bits of per quantum channel use so that k approaches � and error rate
becomes negligibly small as n increases.

Expected “Overlap” of Pure States on the Typical Subspace

Alice sends n-letter sequences by n-qubit product quantum states by
drawing each qubit at random from the ensemble E = {| ia,pa}a2X.
Therefore, Bob gets quantum state

| xi = | x1i ⌦ · · ·⌦ | xni, xi 2 X.

with probability px = px1 · px2 · . . . · pxn .
Consider now two sequences x and x0. The expected value of their

inner product squared if each qubit (letter) for both sequences is drawn
at random from the ensemble E = {| ia,pa}a2X with replacement is
given as follows:

X

x

X

x0

pxpx0 |h x| x0i|2 = tr
⇥
(⇢2)⌦n

⇤
(5)

The following upper bound on tr
⇥
(⇢2)⌦n

⇤
follows from (2), (3), and

(4):

tr
⇥
(⇢2)⌦n

⇤
=

X

�z2{0,1}n
�2
z
⇡

X

�z2A✏

�2
z

6 2n(S(⇢)+✏) · 2-2n(S(⇢)-✏)

6 2-n(S(⇢)-3✏)

Let RV X with PMF {pa}a2X be the channel input, and suppose that
for letter a, Alice prepares qubit | ai. Therefore � = S(⇢) for pure
state, and the Holevo bound (1) becomes

I(X; Y) 6 S(⇢).
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Random Coding and Error Rates

We will next show that I(Xn, Yn) can asymptotically approach nS(⇢).
We prove that this bound is attainable by using an information theo-
retic method known as the random coding argument, as follows.2 2 Random coding is a special case of

the widely probabilistic method. This
extremely powerful tool shows the
existence of an object with certain
properties (here a good code) by
constructing an appropriate proba-
bility space and showing that a ran-
domly chosen object in this space
has this property with positive
probability.

Suppose Alice has a code C which is a set of M n-qubit codewords:

C = {|c1i, |c2i, . . . , |cMi}

She sends codeword |cii to Bob with probability 1/M. Suppose the
projection operators |ciihci| defined by these codewords form a POVM.3

3 It is possible to define a POVM
based on the codewords known as
a pretty good measurement.

With this POVM, Bob’s probability of error Pe would be

PC
e =

MX

i=1

P(|cii received) ·
X

j6=i

P(|cji measured | |cii received)

=
MX

i=1

1
M

X

j6=i

|hci|cji|2 =
X

j 6=i

|hci|cji|2

If we now average the above expression over all possible codes, we get

Pe =
X

j6=i

X

x

X

x0

pxpx0 |h x| x0i|2 6 M · 2-n(S(⇢)-3✏)

Therefore, if we among all possible vector sequences in Xn, we ran-
domly pick M = 2n(S(⇢)-4✏), we can distinguish them with the prob-
ability of error that is diminishing as n increases.
=) The quantum-classical channel capacity is S(⇢)?
To make this claim, we need to show that the rate of S(⇢) classical bits
per quantum channel use is 1) achievable (which we informally did)
and 2) that any higher rate will likely result in measurement errors.
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This lecture is concerned with quantum key distribution protocols.

The goal of a key distribution protocol is to ensure that two parties,
Alice and Bob, share a secret random sequence of symbols, known as
a private key. Private keys are used for, e.g., one-time pad where Alice
sends to Bob her message XOR-ed with the key of the same length.
The one-time pad cannot be cracked even with a Quantum computer.

The BB84 QKD Protocol

The BB842 protocol describes how Alice and Bob can establish a secret 2 The protocol was developed by
Charles Bennett and Gilles Brassard
in 1984. Hence the name.

key by communicating over a quantum and a classical channel that
both can be accessed by an eavesdropper Eve. The basic observation
behind this protocol is that, when nonorthogonal qubits are transmit-
ted from Alice to Bob, then Eve cannot gain any information from the
qubits without disturbing their states. Recall that since Eve cannot
clone Alice’s qubit, she can only gain information by measuring the
original.

classical channel

quantum channel

Alice and Bob generate a secret key of O(n) bits as follows:

1. Alice creates a sequence of (4 + �)n random data bits which she
will map into qubits for transmission over the quantum channel
between her and Bob.

2. For each data bit, Alice tosses a fair coin. If she gets a head (H),
she maps her data bit into either |0i (if her data bit is 0) or |1i (if her
data bit is 1). If she gets a tail (T), she maps her data bit into either
|+i (if her data bit is 0) or |-i (if her data bit is 1).3 3 Recall that

|+i = |0i+ |1ip
2

and |-i = |0i- |1ip
2

We will refer to the sequence of heads and tails that Alice generated
as CA. We will call {|0i , |1i} the H basis and {|-i , |+i} the T basis.
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3. Alice sends the resulting (4 + �)n qubits to Bob over their public
quantum communication channel. Each qubit may be altered by
the noise in the channel and/or measured by Eve. 4 4 Note that, at this point, Eve has

no knowledge of CA and thus what
measurement basis she should use
for an intercepted qubit. in order to
learn the corresponding bit. She can
only guess the preparation basis for
a qubit, and if her guess is wrong,
she will alter its state, thus leaving a
proof of eavesdropping.

4. Upon receiving a qubit, Bob then tosses a fair coin and then, de-
pending on the toss outcome, he measures the qubit in either the H

or the T basis. If he uses the H bases and gets |0i, or the T bases and
gets |+i, he records bit 0; otherwise he records bit 1.

We refer to the sequence of heads and tails generated by Bob as CB.

5. Once Bob receives (4 + �)n qubits, Alice publicly announces CA

and Bob publicly announces CB.

6. Alice and Bob discard the bits where sequences CA and CB differ
(that is, when Bob measured a qubit a in the different basis than
Alice used for its preparation). With high probability, there are at
least 2n bits left (if not, repeat the protocol). They keep 2n bits.

7. Alice selects a subset of n bits from the 2n remaining that will to
serve as a check on Eve’s interference, and tells Bob which bits she
selected.

8. Alice and Bob announce and compare the values of the n check
bits. If more than an acceptable5 number disagree, they abort the 5 The acceptable number is deter-

mined by the noise in the channels.protocol.

9. Alice and Bob perform information reconciliation and privacy am-
plification on the remaining n bits to obtain m shared key bits.

The E91-like Protocols

The E91 protocol was proposed by Artur Ekert in 1991, hence the
name. The scheme distributes entangled pairs of photons so that Alice
and Bob each end up with one photon from each entangled pair. The
creation and distribution of photons can be done by Alice, by Bob, or
by some third party.

Suppose Alice and Bob share a set of n entangled pairs of qubits in
the Bell state

1p
2
(|00i+ |11i)

and Eve is not present. If they measure their respective states in the
computational basis, they will get identical sequences of completely
random bits. Thus the scheme benefits from two properties of shared
entanglement: randomness and correlation.

To check if Eve was present, Alice and Bob can select a random
subset of the shares EPR pairs, and test to see if they violate Bell’s
inequality, e.g., by playing one of the two games we discussed earlier.
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This lecture describes the Quantum Approximate Optimization Algo-
rithm (QAOA)

Quantum Approximate Optimization Algorithm (QAOA)

Algorithms that are appropriate for Noisy Intermediate-Scale Quan-
tum (NISQ) systems

• should not need extensive error correction (can tolerate noise), and

• should not need very large numbers of qubits (intermediate scale),

• but should exhibit quantum speedup and solve useful problems.

The QAOA is a low-depth, and thus would not need too much coher-
ence. Some results indicate that it is fairly robust to errors. When it
was proposed (by Farhi et al. in 2014), it worked better than the best
known classical algorithm, but just for a few months.

Quantum Processor Classical Optimizer

measure cost function

adjust quantum circuit

QAOA, VQE

Figure 1: NISQ Quantum/Classical
hybrid architecture

The goal of QAOA is to optimize a real-valued function f acting on
n-bit strings, f : {0, 1}n ! R, of the following form:

f(b) =
mX

j=1

fj(b),

where fj(b) depends on only a few of the n bits. QAOA seems a
promising technique for optimization problems of that have purely lo-
cal constraints. More general optimization problems may need to deal
with global constraints. (For example, the traveling salesman prob-
lem.) In principle any optimization problem with global constraints
can be turned into one with purely local constraints but that may add
a big overhead. We will study QAOA on the max-cut problem in graph
theory.
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CS Interlude – The Max-Cut Problem

A cut of a graph is a partition of its vertices into two subsets. A cut is
defined by a cut-set, that is, the set of edges that have one endpoint in
each subset of the partition. The max-cut problem seeks to find a cut
with the largest cut-set. (For a weighted graph, the max cut problem
seeks to maximize the sum of weights of the edges in the cut.)

2 3

6

45

1

1

2

3

4

5

6

7 8 9
Consider a graph with n vertices labeled 1, . . . ,n. If nodes j and k

are connected, we label the edge between them as (j,k). Edge (j,k) is
in a cut if the nodes j and k are in two different subsets of the partition.
Suppose we associate with node j, j = 1, . . . ,n, a variable zj 2 {-1, 1}.
Note that the set of edges for which zjzk = -1 is a cut-set between
the vertices that are assigned 1 and the vertices that are assigned -1.
Therefore, the following maximization gives the maximum cut.

max
zi2{-1,1}

f(z1, . . . , zn) = max
zi2{-1,1}

X

(j,k)

(1 - zjzk)

Here, the sum is over all edges in the graph, and each clause (1 -

zjzk) contributes a non-zero term to the cost iff zjzk = -1, that is, the
corresponding edge is in the cut.

We will later need the notion of distance and diameter in graphs.
The distance between two vertices in a graph is the number of edges in
a shortest or minimal path between them in the graph. The diameter of
a graph is the maximum distance between any pair of vertices.

Review

Single-Qubit Hadamard Gate
H |xi = 1p

2 (|0i+ (-1)x |1i)

H = 1p
2

"
1 1
1 -1

# |0i H (|0i+ |1i)/
p

2

|1i H (|0i- |1i)/
p

2

n-Qubit Separable Hadamard Gate

H
⌦n = H⌦H⌦ · · ·⌦H| {z }

n times

.

How does H
⌦n act on the basis state |0i⌦n? It is easy to see that H⌦n

creates a uniform superposition of all basis states. |0i⌦n
H

⌦n
1

2n/2

X

b2{0,1}n
|bi
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Pauli Matrices

matrix action eigenvalue/eigenvector

�X =

"
0 1
1 0

# |0i X |1i

|1i X |0i

+1/(|0i+ |1i)

-1/(|0i- |1i)

�Y =

"
0 -i

i 0

# |0i Y i |1i

|1i Y -i |0i

+1/(|0i+ i|1i)

-1/(|0i- i|1i)

�Z =

"
1 0
0 -1

# |0i Z |0i

|1i Z - |1i

+1/|0i

-1/|1i

Matrix Exponential

Let X be an n⇥ n complex matrix. The exponential of X, denoted by
e
X or exp(X), is the n⇥n matrix given by the power series

e
X =

1X

k=0

1
k!
X
k

where X
0 is defined to be the n⇥n identity matrix.

;Properties:

1. e
0 = I

2. exp(XT ) = (expX)T

3. exp(X⇤) = (expX)⇤

4. If Y is invertible, then e
YXY-1

= Ye
X
Y
-1.

5. If XY = YX then e
X+Y = e

X
e
Y .

Solving a Schrödinger Equation

The time evolution of the state of a closed quantum system | (t)i is
governed by the Schrödinger equation:

i h
d

dt
| (t)i = H · | (t)i (1)

where  h is the reduced Plank’s constant and H is a fixed Hermitian
matrix known as the Hamiltonian of the closed system. We assume that



quantum computing systems 4

the quantum system consists of n qubits, that is, it can be represented
by a unit norm vector in an N = 2n dimensional Hilbert space. As we
discussed in Lecture #2, when H does not depend on time, the solution
of this equation is

| (t)i = U(t) | (0)i (2)

where U(t) = exp
�
- i

 hHt
�

is a unitary matrix.
The Hamiltonian describes the physical model. The Schrödinger

equation tells us how a state-vector evolves in time given the physical
model described by the Hamiltonian.2 The ground state is defined to 2 How do the sates that happen to be

the eigenvectors of the Hamiltonian
evolve in time?

be the eigenvector of H with the smallest eigenvalue.

A QAOA for the Max-Cut Problem

Consider now an n qubit state, where each qubit is associated with a
vertex of the graph, and the following Hamiltonian:

HC =
X

(j,k)

�
I- �

(j)
Z �

(k)
Z

�

where I2n⇥2n is the identity matrix and �(j)Z refers the Pauli Z matrix
acting on the j-th qubit. The Hamiltonian HC is a 2n ⇥ 2n matrix,
written here in a succint form where �(j)Z �

(k)
Z denotes the n-fold Kro-

nceker product where each factor is I2⇥2 except for the j-th and the
k-th which are �Z

We refer to HC as the cost Hamiltonian. Note that HC is a diagonal
the computational basis. If qubit j is measured in the �Z basis, we can
use the result of the measurement (an eigenvalue of �Z) to decide to
which subset of the partition to put vertex j into. Thus measuring all
qubits defines a cut.

For the cost Hamiltonian HC, we define the unitary operator3 3 depends on the objective function

UC,� = exp (-i�HC) =
Y

(j,k)

exp
⇥
-i�

�
I- �

(j)
Z �

(k)
Z

�⇤

Here the product is over all edges in the graph. We next define oper-
ator HB, known as a mixer4 Hamiltonian, and its associated unitary 4 depends on the domain
matrix as follows:

HB =
nX

j=1

�
(j)
X and UB,� = exp (-i�HB) =

nY

j=1

exp
�
-i��

(j)
Z

�

where �(j)X denotes the Pauli X matrix acting on the j-th qubit.
The idea for Max-Cut QAOA goes as follows: We assign a qubit for

each vertex of our graph, and prepare the n qubit state as a uniform
superposition of all basis states. Note that each basis state describes a
possible partition of the graph. We then apply a sequence of unitary
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operators to the set of qubits, and measure the resulting state by the
�Z observable. Each qubit yields a value of 1 or -1. We use these
values to define a partition to the graph. We try to find a sequence of
unitary operators that maximizes the expected value of our cut.

Algorithm:

1. Prepare the n qubit state |si as a uniform superposition of of all
basis states:

|si = 1p
2n

X

b2{0,1}n
|bi

2. For a graph with diameter p, repeat the following step p times with
different parameters � and �:

Transform (evolve) the current state by UC(�) followed by UB(�).

The end state is

| (�,�)i =
pY

j=1

UB(�i)UC(�i) |si

where (�,�) = (�1,�1,�2,�2, . . . ,�p,�p).

3. Compute the expectation

Fp(�,�) = h (�,�)|HC | (�,�)i

by repeating the above state preparation, evolution, and measuring.
(Each measurement produces a sample value.)

4. Use a (classical) optimization algorithm to (approximately) find the
vector (�,�) that optimizes Fp(�,�).5 5 A key to success for the algorithm

is having good values for these pa-
rameters.Possibly run the entire procedure again, and return the best problem

solution.
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This lecture describes the Variational Quantum Eigensolver (VQE), which
is quantum/classical hybrid algorithms for NISQ computing.

Noisy Intermediate-Scale Quantum (NISQ) technology is expected to
be available in the near future. This term, coined by John Preskill,
refers to devices with 50-100 qubits (intermediate-scale), too few to
have have full error-correction, hence the attribute noisy. Nevertheless,
NISQ systems may be able to perform tasks that exceed the capabili-
ties of today’s classical digital computers, and may be useful tools for
exploring many-body quantum physics. One such task is finding the
minimum eigenvalue a large matrix. This is an optimization problems
that is crucial in many domains, ranging from Google’s Page Rank and
aircraft design to quantum simulation and quantum chemistry.

We will use a quantum/classical hybrid algorithm known as the
Variational Quantum Eigensolver (VQE) to find the minimum eigen-
value of a large matrix that represents the Hamiltonian of an n qubit
system. A Hamiltonian is a Hermitian matrix, but the algorithm can be
extended to include arbitrary matrices. Hybrid quantum/classical al-
gorithms iterate between quantum and classical processing, as shown
in Fig. 1.

Quantum Processor Classical Optimizer

measure cost function

adjust quantum circuit

QAOA, VQE

Figure 1: NISQ Quantum/Classical
hybrid architecture

The quantum processor performs computation that would be hard
to perform classically. In the VQE algorithm where the goal is to com-
pute the smallest eiginvelue of a large Herimitian matrix H, the quan-
tum processor evaluates expressions of the form h |H | i, where | i is
a parameterized quantum state. This computation is relevant because
of what is known as the variational principle, which we explain next.
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Physics Interlude – Solving a Schrödinger Equation

The time evolution of the state of a closed quantum system | (t)i is
governed by the Schrödinger equation:

i h
d

dt
| (t)i = H · | (t)i (1)

where  h is the reduced Plank’s constant and H is a fixed Hermitian
matrix known as the Hamiltonian of the closed system. We assume that
the quantum system consists of n qubits, that is, it can be represented
by a unit norm vector in an N = 2n dimensional Hilbert space. As we
discussed in Lecture #2, when H does not depend on time, the solution
of this equation is

| (t)i = U(t) | (0)i (2)

where U(t) = exp
�
- i

 hHt
�

is a unitary matrix.
The Hamiltonian describes the physical model. The Schrödinger

equation tells us how a state-vector evolves in time given the physical
model described by the Hamiltonian.2 The ground state is defined to 2 How do the sates that happen to be

the eigenvectors of the Hamiltonian
evolve in time?

be the eigenvector of H with the smallest eigenvalue.
Let state |'i be an eigenvector of H, i.e., H |'i = E |'i. Then state

|�i = |'i exp
�
- i

 hEt
�

is a solution of the Schrödinger equation (1).
Check! (When we know all eigenvectors of H, we know all solutions
of (1), but this is not our concern at the moment.)

Let |'ii and the Ei for i = 1, . . . ,N be the eigenstates and eigenval-
ues of H, i.e., 3 3 Recall that |'ii are orthonormal:

h'i|'ji = �ij and
P

|'iih'i| = IN.H |'ii = Ei |'ii , i = 1, . . . ,N.

Since |'ii, i = 1, . . . ,N, form a basis of the N-dimensional Hilbert
space, any other vector  in that space can be expressed as their linear
combination:

| i =
NX

i=1

ci |'ii , ci = h'i| i, (3)

where
PN

i=1 |ci|
2 = 1 when | i is a quantum (thus unit-norm) state.

Note that H can be expressed as follows:

H =
NX

i=1

Ei|'iih'i|. (4)

We can think of H as an observable associated with the energy of
the quantum system. If we measure state | i in the basis |'ii, we will
get the result Ei (energy level) with probability |h |'ii|2. Therefore,
the expected value of the measurement is equal to

PN
i=1 |h |'ii|2Ei.

By using the identities (3) and (4), we can show that

h |H | i =
NX

i=1

|h |'ii|2Ei.
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as follows

h |H | i =
X

i

c
⇤
i h'i|H

X

j

cj

��'j

↵
=

X

ij

c
⇤
icj h'i|H

��'j

↵
=

X

i

Ei|ci|
2

Note that for eigenstate |'ii, we have h'i|H |'ii = Ei.
Let E0 < E1 < E2 < · · · < EN-1. We say that |'0i is the ground-

state, and |'ii the i-th excited state. Thus, | 0i is the ground-state,
| 1i the first excited state, and so on. We see that

h'0|H |'0i = E0 < Ei = h'i|H |'ii for i > 0.

Consider now h |H | i for an arbitrary state | i =
PN

i=1 ci |'ii:

h |H | i =
X

i

Ei|ci|
2 >

X

i

E0|ci|
2 = E0

Therefore, the ground state energy is always smaller than the ex-
pectation of the energy calculated for any other state | i. Thus, by
varying  until h |H | i is minimized,4 we can obtain an approxima- 4 This is often refered as minimizing

of the expectation of H.tion to the state and energy of the ground state. This is known as the
variational principle.5 5 The variational principle is more

general than its applications in
quantum computing, physics, and
chemistry.VQE

In variational methods, we start with a best guess, called ansatz, for
the ground state. We parameterize the ansatz by a set of parameters
✓. Let | (✓)i denote the parameterized quantum state. Note that our
ansatz may not be equal to the ground state that we want to find for
any value of the parameter.

Figure 2: A video explanation of the
variational principle.

https://www.youtube.com/watch?v=l7n8gQHHFyg
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The Hamiltonian for VQE

Pauli matrices form a basis for C2⇥2

I =

"
1 0
0 1

#

�X =

"
0 1
1 0

#

�Y =

"
0 -i

i 0

#

�Z =

"
1 0
0 -1

#

The n-fold tensor products of Pauli
matrices (I, �x, �y, �z) form an or-
thogonal basis for the vector space
of 2n ⇥ 2n complex matrices.

Any 2 ⇥ 2 complex matrix, and thus any Hamiltonian H, can be ex-
pressed as a linear combination of the identity I and the Pauli matrices
�X, �Y , and �Z:

H = ↵II+↵X�X +↵Y�Y +↵Z�Z

We represent the n qubit Hamiltonian H as a weighted sum of ten-
sor products of Pauli matrices:

H =
mX

i=1

ciHi (5)

A NISQ VQE only considers the Hamiltonians where m grows at
most polynomially in the system size, that is, m = O(nk) which is a
reasonable assumption for many physical systems of interest.

A Hybrid Quantum/Classical VQE Algorithm

A variational algorithm iterates between two modules. The first mod-
ule computes the expected energy for the ansatz. The second module
finds the parameters for which the expected energy is minimized, and
possibly comes up with another parameterized ansatz to give back to
the first module for the expected energy evaluation.

Figure 3: A video example of using
the variational principle.

The hybrid quantum/classical algorithm algorithm computes ex-
pectation values of each term Hi in (5) using a NISQ circuit, and then
adds the total energy classically. A classical optimizer finds the pa-
rameters for which expected energy is minimized, and possibly comes
up with another parameterized ansatz to give back to the quantum
processor for the expected energy evaluation.

https://www.youtube.com/watch?v=WJekoIaXrJI
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This lecture is concerned with local Hamiltonians of many qubit systems

and some associated problems of quantum computational complexity.

Many-Qubit Systems

Quantum computers (will) consist of many qubits. Quantum algo-

rithms operate on large qubit registers by unitary transforms that are

defined by the Hamiltonian of the system. The Hamiltonian describes

the physical model, that is, the interactions between the qubits.

Time Evolution of an n-Qubit System

The Schrödinger equation tells us how an n-qubit state-vector | (t)i
evolves in time given the physical model described by the Hamilto-

nian. The time evolution of the state of a closed quantum system

| (t)i is governed by the Schrödinger equation as follows:

i h
d

dt
| (t)i = H · | (t)i (1)

where  h is the reduced Plank’s constant and H is a fixed Hermitian

matrix known as the Hamiltonian of the closed system. We assume that

the quantum system consists of n qubits, that is, it can be represented

by a unit norm vector in an N = 2n dimensional Hilbert space. As we

discussed in Lecture #2, when H does not depend on time, the solution

of this equation is

| (t)i = U(t) | (0)i where U(t) = exp
�
-
it

 h
H
�

(2)

Note that, since H is Hermitian, U(t) is a unitary matrix.

Let state |'i be an eigenvector of H, i.e., H |'i = E |'i. Then state

|�i = |'i exp
�
- it

 h E
�

is a solution of the Schrödinger equation (1).

Check!

Let
��'j

↵
and the Ej for j = 0, . . . , 2n - 1 be the eigenstates and

eigenvalues of H, where E0 < E1 < E2 < · · · < E2n-1.
2

Recall that 2 The ground state is defined to be

the eigenvector of H with the small-

est eigenvalue E0. If more than one

ground state exists, they are said to

be degenerate.

|'ii are orthonormal: h'i|'ji = �ij and
P

|'iih'i| = IN. Since
��'j

↵
,

j = 1, . . . ,N, form a basis of the N = 2n-dimansional Hilbert space,

any other vector | (0)i in that space can be expressed as their linear

combination:

| (0)i =
2n-1X

j=0

cj(0)
��'j

↵
, cj(0) = h'j| (0)i, (3)
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where
P2n-1

j=0 |cj(0)|2 = 1. Then

| (t)i = U(t) | (0)i =
2n-1X

j=0

exp
�
-
it

 h
Ei

� ��'j

↵

is a solution of the Schrödinger equation (1). Check!

We thus see that when we know all eigenvectors of H, we know

all solutions of the Schrödinger equation (1). Therefore, understand-

ing the Hamiltonian of the system and knowing its eigenvalues and

eiginvectors (the gorund state in particular) is essential.

Many-Qubit Hamiltonians

An n-qubit state is a vector in H2n = H2 ⌦H2 ⌦ · · ·⌦H2| {z }
n

. The Hamil-

tonian H of an n qubit system is a 2n ⇥ 2n matrix. Many-body Hamil-

tonians associated with naturally occurring many-body systems ex-

hibit locality. Some examples are shown in Fig. 1. But, not all Hamil-

tonins that we need for quantum computing can be build based on the

naturally occurring.

Figure 1: Interactions in many-qubit

systems.
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Local Hamiltonians

Recall that any 2 ⇥ 2 complex matrix, and thus any Hamiltonian H

acting on a qubit, can be expressed as a linear combination of the

identity I and the Pauli matrices �X, �Y , and �Z:

H = ↵II+↵X�X +↵Y�Y +↵Z�Z

The n-fold tensor products of Pauli matrices (I, �x, �y, �z) form an

orthogonal basis for the vector space of 2n ⇥ 2n complex matrices.

Thus, we can represent the n qubit Hamiltonian H as a weighted sum

of Kronecker products of Pauli matrices.

The Hamiltonian H of an n qubit system is usually given as a sum

of terms Hi, each describing an interaction among a (small) subset of

qubits, that is, H is a Hermitian matrix with a succinct representation

of the form

H =
mX

i=1

Hi (4)

We say that H is a k-local Hamiltonian if each Hi acts “non-trivially”

only on some small subset of k qubits where k is a constant that is

independent of the system size n. Here, each Hi should be thought of

as a “quantum constraint” or a “clause”, analogous to the notion of a

k-local clause in classical constraint satisfaction problems.

There are
�n
k

�
ways to select k interacting qubits. However, the

qubits interact only if they are “near each other”. As a concrete exam-

ple, consider the Quantum Ising model3 shown as the chain in Fig. 1. 3 named after the physicist Ernst

IsingThe system’s Hamiltonian H is given by

H = -J

X

(i,j)

�
(i)
Z �

(j)
Z - µ

X

i

�
(j)
X , (5)

where J is the coupling constant, and µ is the magnitude of an external

field. The first sum is over pairs of adjacent spins. The notation (i, j)

indicates that sites i and j are nearest neighbors. �
(j)
Z refers the Pauli

Z matrix acting on the j-th qubit. The Hamiltonian H is a 2n ⇥ 2n

matrix, written here in a succinct form where �
(j)
Z �

(k)
Z stands for the

n-fold Kronceker product where each factor is I2⇥2 except for the j-th

and the k-th which are �Z. Similarly, �
(j)
X refers the Pauli X matrix act-

ing on the j-th qubit, and �
(j)
X stands for the n-fold Kronceker product

where each factor is I2⇥2 except for the j-th which is �X.

Are local Hamiltonins better understood than the general Hamiltonians de-
scribing global interactions?
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k-Local Hamiltonian Problem (k-LH)

Given a local Hamiltonian of an n-qubit system, can we determine

its ground state energy E0, namely, the minimum eigenvalue of H.

We have seen that this problem is hard and described how it can be

addressed by a VQE on NISQ.

Given a k-local Hamiltonian H =
Pm

i=1 Hi acting on n qubits and thresh-

old parameters a,b 2 R such that b- a > 1/p(n) for some polynomial

p, determine which of the following statements is true:

E0 6 a or E0 > b

It is believed that this problem is not likely to be efficiently solvable

even by the quantum computer.

Reduced Density Operators – Review

Let | i 2 HA ⌦HB. We say that | i is a bipartite pure state of a

composite system with subsystems A and B.
4

Any pure state of the 4 The state space of a composite

physical system is the tensor prod-

uct of the state spaces of the compo-

nent physical systems.

composite system can be written as

| i =
nX

i=1

mX

j=1

ci,j(|aii ⌦ |bji) =
X

i,j

ci,j|aibji,

where ci,j are complex numbers.

Let ⇢AB be a density matrix of a bipartite state in the product

Hilbert space HA ⌦HB, and let |bii be an orthonormal basis for HB.

Then the partial trace over the Hilbert space HB is defined as follows:
5 5 You will often see a shorthand ex-

pression Tr B⇢AB =
P

b hb| ⇢AB |bi

⇢A = Tr B⇢AB =
mX

j=1

�
I⌦

⌦
bj

���⇢AB

�
I⌦

��bj
↵�

We say that ⇢A is a reduced density operator
6

obtained from ⇢AB by 6 Reduced density operators are

quantum counterparts to marginal

distributions in the classical world.

tracing out the subsystem B.

Example #1 – Product State:
Suppose a quantum system is in the product state ⇢AB = ⇢A ⌦ ⇢B
where ⇢A is a density operator for system A, and ⇢B is a density op-

erator for system B. Then

⇢A = Tr B(⇢A ⌦ ⇢B) = ⇢A Tr ⇢B = ⇢A

Example #2 – Bell State:
Consider the bipartite state |�ABi = (|00i+ |11i)/

p
2. This is a pure

state with the density operator

⇢AB = |�ABih�AB| =
1
2
(|00ih00|+ |00ih11|+ |11ih00|+ |11ih11|)



quantum computing systems 5

Tracing out the second qubit, we find the reduced density operator of

the first qubit,

⇢A = Tr B⇢AB = (I⌦ h0|)⇢AB(I⌦ |0i) + (I⌦ h1|)⇢AB(I⌦ |1i)

=
1
2
(|0ih0|+ |1ih1|) = 1

2
I

The Quantum Marginals Problem

Suppose we want to find the ground-state energy E0 of the Hamilto-

nian H. From the variational principle, we know that

E0 = min
| i

h |H | i = min
⇢

Tr(H⇢) where ⇢ = | ih | (6)

We described how we can attempt to solve this problem by an VQE

on a NISQ device (Lecture # 18). We said above that this problem is

hard to solve even when H is a local Hamiltonian. Are there are other

implications of this hardness?

Because H is local, we have H =
Pm

i=1 Hi, and thus

E0 = min
⇢

Tr(H⇢) = min
{⇢i}

mX

i=1

Tr(Hi⇢i) (7)

where ⇢i is the reduced density matrix for at most k qubits that Hi

is acting on. Therefore, in order to find the ground-state energy E0,

instead of having to find an n-qubit state ⇢ that minimizes (6), we can

do minimization over the set {⇢i} instead. Is this problem simpler than

the original?

The original problem in (6) has to find 2n unknowns to specify the

ground state |�0i, while the latter problem in (7) has to find unknowns

whose number is only polynomial in n. This is because the set {⇢i}

consists of 2k ⇥ 2k matrices where k is small and independent of n,

and the set size m is polynomial in n.

However, the minimization problem in (7) is not unconstrained since

there has to exist an n-qubit state ⇢ = | ih | such that the matrices {⇢i}

can be obtained from it by the appropriate density matrix reduction

determined by the non-trivial actions of Hi. Therefore, one has to first

determine the condition such that the density matrices {⇢i} are indeed

reduced density matrices of ⇢. This leads to the quantum marginals

problem:

Given a set of local density matrices {⇢i}, determine whether there exists

an n-qubit density matrix ⇢ such that {⇢i} are reduced density matrices

of ⇢.

The quantum marginal problem is as hard as the local Hamilonian

problem.
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Suppose we have a three qubit system ABC. Given density matrices

⇢AB and ⇢AC, we ask whether there is a three-qubit state ⇢ABC such

that ⇢AB = TrC ⇢ABC and ⇢AC = TrB ⇢ABC. We can answer this

question only when ⇢AB = ⇢AC:

A two-qubit state ⇢AB has a symmetric extension if and only if

Tr
�
⇢

2
B

�
> Tr

�
⇢

2
AB

�
-4

p
det(⇢AB)

where ⇢B = TrA ⇢AB.

Frustration-Free Hamiltonians

A surprisingly diverse and important class of local Hamiltonians is

defined by the additional property of being frustration-free, which is

that the ground state |�0i of H is also a ground state of each Hi. In

general, frustration-free conditions provide analytic control of ground

state properties in otherwise mostly hard quantum problems.

When a local Hamiltonian H =
Pm

i=1 Hj is frustration-free, then its

ground-state energy E0 =
P

j E0j, where E0j is the ground-state energy

of Hj. Here E0j are easy to find since each Hj acts non-trivially on

only k particles. However, one first needs to determine whether H =Pm
i=1 Hj is frustration-free. In the theory of quantum computational

complexity, this problem is formulated as follows:

Given a k-local, n-qubit Hamiltonian H =
Pm

i=1 Hj, where each Hj has

ground state energy E0j = 0, and threshold b > c/p(n) for some polyno-

mial p and constant c > 0, determine which of the following statements

is true:

E0 6 0 or E0 > b

This problem is as hard as the local Hamilonian problem for k > 3.

Gapped Systems

When the system size n ! 1, one important property of its Hamilto-

nian H is the gap �. Let Hn be the Hamiltonian of the size-n system.

The system is called gapped if one of the following is true:

• As n ! 1, the ground state degeneracy mn of Hn is upper bounded

by a finite integer m, and the gap �n between the ground states and

the first excited states of Hn is lower bounded by a finite positive

number �.

• As n ! 1, there are a finite number m of lowest energy states

which have energy separations among themselves, which is expo-

nentially small in n, and the energy separation of these lowest en-

ergy states to all the other states is lower bounded by a finite num-

ber � for arbitrary n.
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Homework #13

1. Consider the n-qubit Ising chain with the following Hamiltonian:

H = -
nX

i=1

Ji�
(i)
Z �

(i+1)
Z Ji > 0.

Take the index n+ 1 to be 1.

(a) Find the ground states of H.

(b) Is H a frustration free Hamiltonian? Why?
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This lecture is about entanglement (measures) in (many) qubit systems.

Bell States - Review

Recall that 2-qubit states that can be written as a Kronecker product
of 2 single-qubit states are called separable and those that cannot are
called entangled

2 states. An entangled pair of states can be created by 2 Entangled states are responsible
for much of “quantum magic”.applying an unseparable unitary transform to separable states, e.g., as

shown in Fig. 1.

|0i H •
1p
2

�
|00i+ |11i

�

|0i

|0i H •
1p
2

�
|01i+ |10i

�

|1i

|1i H •
1p
2

�
|00i- |11i

�

|0i

|1i H •
1p
2

�
|01i- |10i

�

|1i

Figure 1: Creating Bell states by a
2-qubit entanglement gate.

The 4 entangled states in Fig. 1 are known as Bell3 states. Notice 3 We will learn more about John Bell
and his inequalities later.that they are orthogonal, which should not be a surprise since they are

created by a unitary transform from the 4 computational basis states.
Therefore, Bell states can be used to define a measurement, which is
often referred to as the Bell measurement.

Entangled states have some “surprising” properties. To see that, we
consider the EPR pair:4 4 EPR stands for Einstein, Podolsky

and Rosen, who were the first to
point out the “strange” properties of
this state.

1p
2
�
|00i+ |11i

�

and observe the following:

1. The individual qubits that make up an entangled state cannot al-
ways be characterized as having individual states of their own. Con-
sider, for example, the first qubit, and observe that it cannot be rep-
resented in the form ↵ |0i+� |1i.

2. There seems to be spooky action at a distance:
5 What happens if 5 Einstein’s phrase; he was not com-

fortable with the notion of non-
deterministic measurements and
entanglement.

we measure only the first qubit in the computational basis? Two
outcomes are possible: |0i with probability 1/2, giving the post-
measurement 2-qubit state |00i, and |1i with probability 1/2, giving
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the post-measurement 2-qubit state |11i. What happens if we sub-
sequently measure the other qubit? Only one outcome is possible:
the one that gives the same result as the measurement of the first
qubit. This behavior has been confirmed by experiment.

Entanglement is also seen as quantum correlation as opposed to
classical correlation. Consider the following states:

⇢c =
1
2
|00ih00|+

1
2
|11ih11| and |'ABi =

1p
2
|00i+ 1p

2
|11i .

What is the difference between them?6 6 Which measurements woould you
perform on these states to distin-
guish them?

Entanglement Measures

Entanglement Measures for Pure Bipartitie States

The entanglement between subsystems A and B of a pure bipartite
state is measured by the bipartite Von Neumann entanglement entropy,

which is the Von Neumann entropy of either subsystem A or subsys-
tem B. It follows from the Schmidt decomposition.7 7 e Schmidt decomposition refers to

a particular way of expressing a vec-
tor in the Kronecker product of two
Hilbert spaces.

=)
For a pure state ⇢AB = | ih |AB, the entanglement is measured by

S(⇢A) = -Tr[⇢A log ⇢A] = -Tr[⇢B log ⇢B] = S(⇢B)

where
⇢A = TrB(⇢AB) and ⇢B = TrA(⇢AB)

are the reduced density matrices of the subsystems.

Example #1 – Product State:

Consider the bipartite state | ABi (|00i+ |01i)/
p

2. Note that this is a
product state | ABi = |0i ⌦ (|0i+ |1i)/

p
2 = |0i ⌦ |+i with the density

operator
⇢AB = | ABih AB| =

1
2
|00ih00|⌦ |+ih+|

with 0 entanglement by the measure S(⇢A) = S(⇢B) = 0.

Example #1 – Bell State:

Consider the bipartite state |�ABi (|00i+ |11i)/
p

2. This is a pure state
with the density operator

⇢AB = |�ABih�AB| =
1
2
(|00ih00|+ |00ih11|+ |11ih00|+ |11ih11|)

The reduced density matrices are

⇢A = Tr B⇢AB = ⇢B = Tr A⇢AB =
1
2
(|0ih0|+ |1ih1|) = 1

2
I

Since S(⇢A) = S(⇢B) = 1, state |�ABi is maximally entangled.
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Entanglement Measures for Mixed Bipartitie States

There is no unique measure of entanglement for mixed bipartite states,
but there are certain conditions that any measure of entanglement
should satisfy:

1. E(⇢) = 0 iff ⇢ is separable.

2. E(⇢) is invariant under local unitary operations:
E
�
(UA ⌦UB)⇢(UA ⌦UB)

�
= E(⇢).

3. E does not increase on average under LOCC.8 8 LOCC refers to local operations and

classical communication. Here a local
(product) operation is performed on
part of the system, and the result
of that operation is communicated
classically to another part where
usually another local operation is
performed based on the information
received.

There are several entanglement measures proposed in the literature
for mixed states, but no single one is standard. Many entanglement
measures reduce to the entropy of entanglement when evaluated on
pure states.

Monogamy of Entanglement

Informally speaking, a quantum state cannot be maximally entangled
with multiple states simultaneously. More precisely, given a tripar-
tite state ⇢ABC, the entanglement entropy of subsystem A cannot be
maximal for both ⇢AB and ⇢AC.

Example #1 – The GHZ State

Figure 2: The GHZ state could be
envisioned as the Borromean Rings,
which are three rings linked so that
no single ring can be removed from
this arrangement without cutting,
while cutting out any single ring
leaves the other two separated.

The GHZ state refers to the folowing entangled quantum state of three
qubits A, B, C:

|GHZi = 1p
2
(|000i+ |111i).

We denote ⇢GHZ

ABC
= |WihW|.

By computing the entanglement entropy of any single qubit, we see
that it is maximally entangled with the system of the other two, that is

⇢
GHZ

A
= ⇢GHZ

B
= ⇢GHZ

C
=

1
2
I =)

S
�
⇢
GHZ

A

�
= S

�
⇢
GHZ

B

�
= S

�
⇢
GHZ

C

�
= 1.

However, any two qubit subsystem is not an entangled state. To see
that consider

⇢
GHZ

AB
= ⇢GHZ

AC
= ⇢GHZ

BC
=

1
2
�
|00ih00|+ |11ih11|

�

Therefore subsystem A is not entangled with either B or C alone.
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Example #2 – The W State – Homework #14

The W state refers to the following entangled quantum state of three
qubits A, B, C:

|Wi = 1
p3

(|001i+ |010i+ |100i)

We denote ⇢W
ABC

= |WihW|. What can you say about the entanglement
of qubit A with

Figure 3: The W state could be en-
visioned three rings linked so that
no single ring can be removed from
this arrangement without a cut and
no two rings can be removed with-
out 2 cuts.

1. subsystem BC.

2. subsystem B

3. subsystem C

Find ⇢W
A

, ⇢W
AB

, and ⇢W
AC

.

Sharable States

A bipartite state ⇢AB is said to be n-sharable if it is possible to find a
quantum state ⇢AB1B2...Bn

such that ⇢AB1 = ⇢AB2 = · · · = ⇢ABn
Such

⇢AB1B2...Bn
if it exists, is called as an n-extension of ⇢AB. It can can be

shown that a bipartite state is n-sharable for any n if and only if it is
separable.

Entanglement Entropy in Many-Qubit Systems

The entanglement entropy is also used to measure the level of entan-
glement of a subsystem in a many-qubit pure quantum state. Given
the density matrix of a many-qubit system, we can perform the partial
trace operation to obtain a reduced density matrix of the a subsystem
and compute its entropy. Such computations are often very difficult.

AREA LAW

Figure 4: A square lattice many
body system.

A key problem in quantum many-body physics is understanding
the entanglement structure of a ground state. Consider, for example,
a system with local interactions defined by a two-dimensional square
lattice as shown in Fig. 4. We are interested in a gapped system in
the ground state, when the number of qubits goes to infinity, and a
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subsystem as in the figure. The entanglement entropy of the subsystem
is proportional to the length of the boundary of the region rather than
to the volume of the region. This surprising property is known as the
entanglement area law.

Figure 5: Studying area laws is of
interest in e.g., quantum complexity,
quantum information theory, and
the holographic principle of black
holes.


